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An equation of Monge-Ampere type in 
conformal geometry, and four- manifolds 
of positive Ricci curvature 

By Sun- Yung A. Chang, Matthew J. Gursky, and Paul C. Yang* 

Abstract 

We formulate natural conformally invariant conditions on a 4-manifold for 
the existence of a metric whose Schouten tensor satisfies a quadratic inequality. 
This inequality implies that the eigenvalues of the Ricci tensor are positively 
pinched. 

Introduction 

Conformal geometry in two dimensions is distinguished by its relationship 
to complex analysis. In higher dimensions the landscape becomes more com- 
plicated, and in the absence of some special structure (e.g., Kahler) even an 
extensive knowledge of the theory of Riemann surfaces is no longer a reliable 
guide. 

Our setting in this paper is four dimensions, and one of our goals is to 
propose a point of view which emphasizes certain parallels between confor- 
mal geometry in two and four dimensions. To illustrate this, let us begin by 
recalling the Gauss-Bonnet formula for compact surfaces: 



(0.1) 27Tx(M^) = Kdn 

JAP 

where dfi is the area element, and K is the Gauss curvature of the surface. In 
four dimensions the Chern-Gauss-Bonnet integrand is a quadratic polynomial 
in the curvature; nevertheless there is a strong analogy with (0.1). 

To see this, let {M^,g) be a compact Riemannian four- manifold, and let 
W, Ric, and R denote respectively the Weyl curvature tensor, Ricci tensor, 
and scalar curvature of g. To express the Chern-Gauss-Bonnet formula it will 
be helpful to introduce the elementary symmetric functions cr^ : R" M, 
1 < k < n. Given a section A of the bundle of symmetric two-tensors, we 
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can use the metric to raise an index and view A as a tensor of type (1,1), or 
equivalently as a section of End (TM^). Under this identification, ak{A) means 
(jjfc appUed to the eigenvalues of A. 

In particular, let A = Ric — ^Rg denote the Schoutcn tensor. With the 
notation described above the Chern-Gauss-Bonnet formula can be written 

(0.2) Sn'^xiM^) = \l\Wfdv + J a2{A)dv, 

where dv denotes the volume form. When we compare (0.1) and (0.2), a certain 
parallel emerges between the Gauss curvature of a surface and the quantity 
a2{A) of a four-manifold, despite the presence of the Weyl curvature term 
(0.2). Indeed, this term actually strengthens the analogy: recall that the Weyl 
tensor measures whether the four-manifold is locally conformally flat (LCF). 
But every surface is LCF, so the obstruction is vacuous and the corresponding 
term is absent in (0.1) (or if one prefers, it is zero). 

A further parallel between J K djj. and / a2{A)dv is that both are confor- 
mally invariant. This is obvious for the Gauss curvature; for cr2{A) it follows 
from (0.2) and the conformal invariance of / |VFpcit;. 

This is actually a special case of a more general phenomenon. Let {M'^^,g) 
be a compact, LCF Riemannian manifold of dimension n = 2k. If we define 
A = Ric — 2{n-i) ^3 ~ ~ 2(2fc-i) -^ff' then the integral 

j ak{A)dv 

is conformally invariant (see [V-1]). Moreover, 

xiM^") = Ck J akiA)dv. 

Returning to four dimensions, we have a further parallel between the in- 
tegrals in (0.1) and (0.2): if J]^2 Kdv > then has genus zero; on the 
other hand, if {M*,g) has positive scalar curvature and / a2{A)dv > 0, then 
the first Betti number bi{M'^) = (see [G-1]). 

The foregoing observation provided the motivation for the main result of 
the present paper. To understand how, recall the classical vanishing theorem 
of Bochner: a compact Riemannian manifold of positive Ricci curvature has 
bi = 0. The assumption on the Ricci CTirvaturc is natural in light of the famous 
Weitzcnbock formula for harmonic one- forms u: 

^A|a;p= |Va;p -|- Ric(a;, a;). 

It is a little surprising, therefore, that the positivity of conformal invariants 
like / a2{A)dv and the Yamabe invariant should also imply the vanishing of hi. 
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So one is lead to conjecture: Suppose (M^, go) is a compact four-manifold with 
/ a2{Ao)dvo > and Yamabe invariant Y{go) > 0. Is there a conformal metric 
g = e'^^go with strictly positive Ricci curvature? 

To understand our approach to this conjecture, it will be illuminating to 
point out a relationship between the Ricci tensor and a2{A). Suppose g = 
e^^go with a2(Ag) > 0. Prom the positivity of the Yamabe invariant of go, it is 
not difficult to conclude that the scalar curvature R oi g must also be positive 
(cf. Lemma 1.1). Moreover, the Ricci curvature of g satisfies the inequality 

3(72 M) 

Ric > -^^9- 

In particular, Ric is positive.^ 

The preceding tells us that we can solve our conjecture in the affirmative 
by constructing a conformal metric g = e'^'^go with a2{Ag) > 0, assuming only 
that / a2iAo)dvo > and Y{go) > 0. 

We remark that the positivity of cr2{A) is a much stronger condition than 
positive Ricci curvature. Indeed, if we define S = —Ric + ^Rg (in general 
relativity this is the gravitational tensor) then S also satisfies the inequality 

3^2 (^) 

(see Lemma 1.2). Thus, 0"2(v4) > imposes a pinching condition on the Ricci 
curvature; it implies that each eigenvalue of Ric is positive, but less than the 
sum of the other three. Moreover, if {M'^,g) is oriented with / a2{A)dv > 0, 
then the Euler characteristic x(M^) and signature r(M^) must satisfy the 
inequality 

(0.3) x(M^) >1\t{M')\ 

(see [G-2]). However, there are many examples of four-manifolds with positive 
Ricci curvature which violate (0.3) (see [ShYa]). This is discussed in more 
detail Section 8. 

The main analytic difficulty arising in the study of (T2{A) is the following. 
If we write g = e'^'^go, then the tensor A oi g is related to the tensor of go 
by the identity 

(0.4) A = Ao- 2Vlw + 2dw (g) dw - Idwl"^ go, 

where Vg denotes the Hessian with respect to go- In light of (0.4), the equation 
under consideration is 

(0.5) £72(^0 - 2Vlw + 2dw 1^ dw - {dwl"^ go) = / > 0. 



^In dimensions greater than four, (T2(A) > implies that the scalar curvature has a sign, but not 
the Ricci curvature. In three dimensions 1x2 (A) > actually implies a sign on the sectional curvature; 
see [GV]. 
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This is an example of a fully nonlinear equation of Monge- Ampere type. In- 
troducing local coordinates, one can view (0.5) as an equation of the form 

(0.6) F[didjW, dkW, w,x]= f 

where 

F : R"^" X R" X R X M" ^ R, 

given by F{rij,Vk, s, x) = f. Then (0.6) is elliptic at a solution w if the matrix 
is positive definite. In the case of (0.5), this will hold provided / > 
(see Proposition 1.5). The classical techniques for analyzing such equations 
usually begin by assTiming that one has some kind of approximate solution 
(sub-, super-, viscosity, etc.) which is elliptic. As we shall see, equation (0.5) 
is elliptic at w if and only if the tensor S = — Ric + ^Rg is positive definite for 
the metric g = e^^go. That is, we are confronted with the difficulty of solving 
(0.5) without knowing a priori that our linearized operator is elliptic. 

Despite these difficulties, we are able to resolve the conjecture in the af- 
firmative: 

Theorem A. Let (M^,(/o) be a compact four- manifold satisfying (i) 
/ a2{AQ)dvo > and (ii) Y{gQ) > 0. Then there is a conformal metric 
g = e^'^go with (T2{Ag) > 0. 

Corollary B. Under the assumptions of Theorem A, there is a confor- 
mal metric g = e^'^go with 

(i) Ric > 0, 

(ii) 5 = - Ric + ^Rg > 0. 

It is natural to ask for which manifolds the assumptions of the theorem 
are likely to hold. This question is addressed in Section 8, where we use 
Preedman's [F] work to give a list of the simply connected candidates (up to 
homeomorphism) . In addition, we construct some explicit examples. 

Assuming is orientable, by combining the Chern-Gauss-Bonnet for- 
mula 

STT^xiM^) = \j \W\^dv + j a2{A)dv 
with the signature formula 

127rV(M^) = ly(|VF+|2 - \W-\^)dv 

we obtain 

27r2(2x(M4) + 3r(M^)) = \W+\'' dv + ^ j a2{A)dv. 
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Therefore, an equivalent formulation of Theorem A is 

Corollary C. 7/(M^,5o) o^n- oriented compact four-manifold satis- 
fying Y{go) >0 and 



then there is a conformal metric g = e'^'^go with a2{Ag) > {hence with 
Ric >0, S> 0). 

The problem of conformally deforming a metric with a2{A) > to one 
with (72 (A) = constant is addressed - but not resolved - in [V-2], where degree- 
theoretic arguments are used. What is lacking are L°°-estimates for solutions 
of (0.5). In a subsequent paper we present an alternative approach, including 
a priori L°°-bounds for solutions of (0.5) on manifolds that are not conformally 
equivalent to the round four-sphere [CGY-2]. 

We conclude the introduction with some remarks about the structure of 
the proof and the organization of the paper. 

To overcome the lack of ellipticity for the linearized problem, we will 
regularize our equation by a geometrically natural fourth order term. The 
regularized equation actually arises in spectral theory, in the context of the 
zeta functional determinant of a conformally invariant operator (see Section 2). 
More precisely, our regularized equation is 



where AR is the Laplacian of the scalar curvature, (5 > is small, 71 < is a 
fixed constant, and r/ is a nowhere- vanishing section of the bundle of symmetric 
two-tensors. For each sufficiently small 5 > 0, we are able to show that (0.7) 
admits a smooth solution with positive scalar curvature (see Section 4). 

The next (and most involved) step is obtaining a priori estimates for 
solutions of (0.7) that are independent of 6. This is accomplished in Sections 
3,5, and 6 - at least up to a point. There seem to be technical obstructions 
preventing us from establishing anything beyond '"-estimates. But these 
estimates are adequate to prove that the regularizing term 6AR in (0.7) is 
approaching zero in (roughly) an L^-sense as 5 — >^ 0. 

The final step of the proof is an application of heat equation techniques. 
Using the Yamabc flow, we show that solutions to (0.7) can be perturbed to 
give metrics with a2{A) > 0, once 6 is sufficiently small. This is explained in 
Section 7. 
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1. Background 

In this section we establish our notation, sketch some background material, 
and prove some technical lemmas. 

a. The curvature of four-manifolds. To begin, let {M'^,g) be a compact 
four-manifold. The curvature tensor will be denoted Rm, and usually viewed 
as a (0, 4)-tensor. We let W, Ric, and R denote respectively the Weyl cur- 
vature, Ricci curvature, and scalar curvature of g. There are various ways 
to decompose the curvature tensor under the action of the orthogonal group, 
depending on the basis one chooses. If E = Ric — \Rg denotes the trace-free 
Ricci tensor, then 

(1.1) Rm = W + ^E®g + ^Rg®g 

where ® is the Kulkarni-Nomizu product (see [Be, 1.110]). Alternatively, if 
A = Ric — ^Rg, then we have the somewhat simpler decomposition 

(1.2) Rm = W + ^A@g. 

In conformal geometry there are certain computational advantages to working 
with (1.2) instead of (1.1). 

If x{M^) denotes the Euler characteristic of M^, then by the Chern-Gauss- 
Bonnet formula 

(1.3) x(M^) = / PffiRm) 

where Vif{Rm) denotes the Pfafhan of the curvature (now viewed as a matrix 
of Lie algebra-valued two-forms). Using the basis in (1.2), we can also express 

(1.3) as 

(1.4) x(M^) = ^ / (^rP + ^2(^)) dv. 

If M'^ is oriented, let * : 0p(M'^) 0^"P(M^) denote the Hodge operator. 
Then we have the splitting ^"^{M^) = n\{M^)®n'i{M^) into the sub-bundles 
of self-dual and anti-self-dual two-forms. This splitting induces a decomposi- 
tion of the Weyl curvature into : ^7^(71^^) 17^ (M^), viewed as as bundle 
endomorphism. Combining the signature formula 

127rV(M4) = {\W+\^ - \W-f) 
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with (1.4) we obtain 

(1.5) 2^{2x{M') + 3r(M^)) = \j \W+\^ + \a2{A). 

It is clear from (1.4) and (1.5) that the positivity of (J2{A) imphes global 
topological information. But it also implies local geometric information, as 
the following lemmas show. 

Lemma 1.1 (see [V-1, Lemma 23]). > 24(72 (^) with equality if and 
only if E = 0. In particular, if (^) > on then either R > or R < 
on M^. 

Proof. This is immediate, since 

a^U) = --\E\^ + —R" < —R\ □ 
^ ^ 2 ' ' 24 - 24 

Lemma 1.2. Let P G and X £ TpM^ he a tangent vector at P. If 
the scalar curvature R of g is positive at P, then 

(1.6) S{X,X) = -Ric{X,X) + ^giX,X) 

> ^a2{A)g{X,X) 

(1.7) mc{X,X) > ^a2iA)g{X,X). 

Proof. To simplify notation wc often denote g{X,X) = \X\'^ = {X,X). 
In terms of the trace-free Ricci tensor, 

(1.8) s = -E + ^Rg, 
so that 

S{X,X) = -E{X,X) + -^Rg{X,X). 

Since E is trace-free, we have the sharp inequality \E{X,X)\ < ^ \E\ |Xp 
(see [SW, p. 234]). Thus 

S{X,X) > -^\E\\Xf + ^R\X\'^ 




2 



> _(|^|^/J1_) \x\^ + ^R\x\^ 
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The proof of (1.7) is essentially the same. We begin with 

(1.9) Ric = E + ^ Rg. 
Then 

Ric{X,X) > + 

and we can argue as before. □ 

Remark. It is worthwhile comparing (1.8) and (1.9). Recall that every 
symmetric two-tensor can be decomposed into a trace- free part and a pure trace 
part. The identities (1.8) and (1.9) show that S and Ric have the same pure 
trace component under this decomposition, but their trace-free components 
differ by a sign. 

Arguing exactly as in the proof of Lemma 1.2 we have 
Lemma 1.3. Let P e and X e TpW^. IfR<0 at P then 

SiX,X) < ^a2{A)g{X,X), 

Ric{X,X) < ^a2{A)g{X,X). 

Combining the preceding lemmas we conclude: 

Corollary 1.4. // a2{A) > on then either S > and Ric > 

on M^, or S < and Ric < on M^, depending on the sign of the scalar 
curvature {which is necessarily constant by Lemma 1.1). 

b. Conformal changes of metric. Now denote our four-manifold by (M^, ^q)- 
We will usually write conformal metrics in the form g = e^^gg. Also, metric- 
dependent quantities which have as a subscript or superscript are understood 
to be with respect to while those without are with respect to g. For ex- 
ample, Vq93 denotes the Hessian of ip with respect to go and Aq(p = trgyVg*^ 
the Laplacian; while V^</? and A(p = tr^V^f/? denote the Hessian and Laplacian 
with respect to g. 

Of basic importance are the transformation laws for the various compo- 
nents of the curvature tensor under a conformal change of metric: 

(1.10) R = e-^'^iRo-GAow-GlVowf), 

(1.11) Ric = Rico - 2Vlw - Aowgo + 2dw (g) du; - 2\VQwfgo, 
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(1.12) A = Ao -2Vlw + 2dw^dw -\Vow\^go, 

(1.13) S = So + 2Vlw -2Aowgo -2dw0dw -\Vow\^go. 

It will often be useful to rewrite the above identities so that the covariant 
derivatives are taken with respect to g instead of ^o- In this case, 

(1.14) R = Roe-^"" -6Aw + 6\Vw\'^, 

(1.15) Ric = Rico -2V'^w - Awg -2dw(S)dw + 2\'Vw\'^g, 

(1.16) A = Aq -2V^w -2dw(S)dw + \Viv\'^g, 

(1.17) S = So + 2V^w -2Awg +2div®dw + \Vw\'^g. 

The Bach tensor plays a prominent role in our analysis. It is defined by (see 
[Dc]) 

Using the Bianchi identities, we can rewrite this as 

(1.18) Bij = —AEij + ^ ViVjR - ARgij - E^^Wikji 

where AEy = g^^Vk^iEij. Although it has several interesting properties, for 
our purposes the most important feature of the Bach tensor is its conformal 
invariance: if 5^ = e^^go, then 

(1.19) B = e-^'^Bo. 

c. Equations of Monge- Ampere type. Since our eventual goal is to pro- 
duce conformal metrics with (J2{A) > 0, it will be helpful to provide some 
background for the analytic aspects of the problem. If we fix a background 
metric go., then by (1-12) we are attempting to solve the equation 

(1.20) a2{Ao - 2Vlw + 2dw ® dw - \Vow\^9o) = f 

for some / > 0. This is an example of a fully nonlinear equation of Monge- 
Ampere type (see [CNS-1], [CNS-2], [CKNS]). Many of the relevant properties 
of (1.20) are summarized by the following result: 

Proposition 1.5. The equation (1.20) is elliptic at a solution w if f > 0. 
The linearized operator 

dF 

{see the introduction) is given by 

(1.21) L[^] = -25^^V0V,V, 
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where S'^ = e-^"" {goY^ {g^y^ Sm, and 

Ski = Si, + 2VtV^,w - 2{Aow){go)ke 
-2VlwV^,w - \VowWgo)ki 

is given by (1.13). // the scalar curvature R of g = e^^go is positive, then the 
ellipticity constants of L satisfy 



(1-22) \Rf\c\' > s.jce > 



A proof of Proposition 1.5 can be found in [V-1]. We only remark that 
the estimates (1.22) follow from Lemma 1.2. 

2. The functional determinant 

Let (M^, go) be a compact four-manifold. A metrically defined differential 
operator L is said to be conformally covariant of bidegree (a, b) if under the 
conformal change of metric g = e'^^go, 

(2.1) Lgiv) = e-'^Loie-^^). 

In [BO] an explicit formula for F[w] = log{det Lg/ detLo) is computed, which 
may be expressed as 

(2.2) F[w] = 7ilH + 72IIH + 73 III H 
where 7^ = ji{L) are constants and 

(2.3) IH = J AlWofwdvo - (^j \Wo\''dv^ log j e^'^dvo, 

II [w] = J wPowdvQ + J AQowdvo - (^j Qodv^ log e'^'" dvo, 

m[w] = 12 (y[w] - ^ J AoRowdvo^ , 

Y[w] = J (Aqu; + \Vow\'^y ~ \ J ^I'^o'^fdvQ. 

Here P denotes the Paneitz operator [P] : 

P = {Af + d* - 2Ric^ d, 

where d is the exterior derivative, d* is the adjoint of d, and Q is the fourth 
order curvature invariant: 



Thus 

Q = ^a2{A)+^i-AR). 
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Before we discuss the existence theory some remarks are in order, explaining 
the significance of these formulas. First, if we consider the functional II alone, 
then critical points satisfy 



Pow + 2Qo= 2(^1 Qodvo^ e^^. 



In general, if 5 = c^^Qq is a conformal change of metric, then the quantity Q 
transforms according to the formula 

Pow + 2Qo = 2Qe^'" 

where Q = Q{e^'"go)- We therefore conclude that critical points of II are 
precisely those metrics which satisfy Q = constant. 

To understand III, it is helpful to rewrite it. Let R and dv denote the 
scalar curvature and volume form of the metric g = e^'^go; then 

1 



III \w] 

^ ^ 3 



R^dv - I Rldvo 



From this expression it is easy to sec that critical points of III satisfy Ai? = 
constant. Since is compact, this implies that R is constant. Thus III is 
the quadratic version of the Yamabe functional. 

In part, the interest of the functional determinant resides in the fact that 
it is a natural Lagrangian arising in spectral theory whose Euler equation 
combines these geometrically natural "sub-functionals." 

In order to state the relevant existence result of [CY-1] we need to define 
further the conformal invariant 

(2.4) = 71 j \Wo\^ dvo + 72 y QodvQ. 

Theorem 2.1 ([CY-1, Th. 1.1]). Let {M,go) be a compact four-manifold. 
-^f 72,73 > and Kd < 8727r^, then inf F{w) is attained by some function 
w G W'^''^ and the metric g = e'^'^go satisfies 

(2.5) 71 1^1^ + I2Q - I3AR = KdVolig)-\ 
Furthermore, g is smooth ([CGY-1]). 

Remark. We warn the reader that the notation of [CY-1] is diS'ercnt: the 
signs of 7i are reversed. What is crucial is that 72 and 73 have the same sign. If 
they have opposite signs then the existence theory of [CY-1] is not applicable. 
There are examples arising in applications in other contexts in which 72 and 
73 have opposite signs; see [Br]. 

It will suit our purposes to modify slightly the functional studied in 
[CY-1] and [CY-2]. To describe our variant, we begin by pointing out that 
the functional I in (2.2) does not involve any derivatives of the conformal fac- 
tor w. In addition, I introduces the term 7i|I^|^ into the Euler equation (2.5) 
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— or more precisely the term 7ie~^"'|VFop. In fact, any geometric quantity 
which transforms in the same manner as the Weyl curvature under a confor- 
mal change of metric behaves similarly. Let us illustrate this with a specific 
example. 

Let S2{M*) = r(Sym(r*M^ ® T*M^)) denote sections of the bundle of 
symmetric (0, 2)-tensors on M^. Then T*M'^i^T*M^ inherits a bundle metric 
in the usual way from TM^. Moreover, if g = e^^'^o and r? G 52(M4) then 
\rj\^g = e~'^'^\rj\Q. In particular, this example enjoys the same conformal scaling 
properties as the norm of the Weyl curvature: 

\W\^ = 



Analogous to (2.2) we can introduce the functionals 

(2.6) I[w] = j A\i^\lwdvo- (^j Hldv^logj e'^^dvo, 

(2.7) F[w\ = 7ilH + 72IIH + TsIIlM, 

where II and III are defined as in (2.3). We then have the corresponding 
existence result: 

Corollary 2.2. Let {M'^,go) be a compact four- manifold and r) G 
S'2(M^). // 72,73 > and Ka = 71 / l^ylo'^^o + 72 jQo c?^^o < 8727r^, then 
inf F is attained by some function w G W^^'^. The metric g = e'^^go satisfies 
the Euler equation 

(2.8) 7i|r7p + 72Q - 73Ai? = KdVol{g)-^ 

and is moreover smooth. 

The proof of Corollary 2.2 is identical in its details to the proof of Theorem 
2.1, and will therefore be omitted. 

What is the purpose of modifying our functional in this way? It is difficult 
to give a complete answer to this question in advance of the description of our 
regularized problem. Eventually, though, we will construct a conformal metric 
with the property that a2{A) is bounded below by a positive constant times 
Iryp, plus error terms. Now it is easy to choose a section of S'2(M^) which is 
nowhere vanishing on M^, and this means that o'2{A) is positive. But if the 
minimum of a2{A) depended instead on {Wl"^, then we could not in general 
rule out the possibility that (and hence (T2{A)) vanishes somewhere. 
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To this end, let us fix once and for all a section rj G 52(M^) which is 
nowhere vanishing (this is always possible: just let rj be an arbitrary Rieman- 
nian metric on M^). Let S G (0, 1], and set 

(2.9) 71 = - y Qodvo j J \r]\l dvo 

= ~\ J (^2{Ao)dvo I J \r]\ldvo, 

72 = 1, 

73 = ^(3<^-2)- 

Remark. When (5 < |, according to (2.9), 73 < 0. Thus we are considering 
values of 73 for which the existence result of Corollary 2.2 is inapplicable. This 
will be explained below. 

Notice that if / a2{AQ)dvo > then 71 < 0. With this choice of (71, 72, 73), 

(2.10) Kd = li J \v\Uvo + J Qodvo = 0. 

To write down the corresponding functional, let us introduce the quantity 

(2.11) = U\go) 

= 71H0 + Qo --^(3<5-2)Aoi^o• 
Then according to (2.3), (2.6), (2.7), and (2.9), 

(2.12) F[w] = Fs[w] = 71IH + IIH + -^(35-2)IIlH 



= J AUQwdvo + J wPowdvo 



+ ^{3S-2)Y[w]. 

Note that is scale-invariant; i.e., Fs[w + c] = Fg[w] for any constant c. By 
(2.7) and (2.8) the corresponding Euler equation for Fs is 

7iH' + Q - ^(3<5-2)Ai? = (*)5 

which can be rewritten as either 

5AR = 87i|r/p - 2\E\'^ + ^R^ {*)s 
or g 

C72(A) = -Ai?-27i|r?p. (*)5 

The latter way of writing (*)^ reveals the motivation for introducing the 
functional Fg. For if (5 = 0, then (*)o becomes cr2{A) = — 271I77P. Now recall 
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that / c72(Ao)dfo > implies that 71 < 0, so in this case we conclude that 
(72(A) > 0. This observation suggests the following strategy: to construct a 
conformal metric with a2{A) > 0, it suffices to show that Fg admits a critical 
point when 5 = 0. This approach, however, presents some serious technical 
difficulties. In some sense Fs actually degenerates as (5 — > 0. One can see that 
this is the case by writing down just the highest order terms in (2.12): 



When (5 = the leading term is absent. This behavior is reflected in the Euler 
equation for Fs: when 6^0 then (*)s is fourth order in the metric, but only 
second order when 5 = 0. 

Instead of studying Fq directly we instead rely on a limiting argument. 
That is, we begin by showing that for any sufficiently small S > 0, admits 
a smooth solution with positive scalar curvature. Even when 5 > 0, though, 
things are hardly routine: recall that once 5 < | then 73 < while 72 > 0, 
so that the existence theory of [CY-1] does not apply. The next (and most 
involved) step is to obtain a priori estimates for solutions of {*)$ that are 
independent of 5. For technical reasons that we will explain at the appropriate 
time, the optimal estimates we can derive give VF^'^^-bounds on solutions with 
s < 5. This is sufficient to apply heat equation techniques and obtain a smooth 
conformal metric with cr2{A) > 0. 

To lay the groundwork for our study of {*)s, let us begin by fixing a 
5o G (0, 1) and defining 

S = {S e [So, l]\{*)s admits a smooth solution with positive scalar curvature}. 

In Section 2 we will use the continuity method to show that S = [Sq,!]. Since 

5q is arbitrary, we will conclude that always admits a smooth solution 
of positive scalar curvature for any 5 G (0,1]. We end this section with a 
preliminary result which uses the existence theory of [CY-1] for the functional 
determinant in order to show that S is nonempty. 

Proposition 2.3. // J a2{Ao)dvo > and Y{go) > 0, then 1 (E S. 

Proof. When 5 = 1, 73 = It follows from Corollary 2.2 that there is a 
smooth extremal metric g = e^'^go satisfying (*)i. In particular, 




+ (lower order terms). 




Also, / a2{Ao)dvo > implies that 71 < 0. Thus 



AR < -R^ 



on M^. It follows from [G-1, Lemma 1.2] that i? > on M^. 



□ 
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3. The regularized equation — a priori estimates 

In this section, we will derive some a priori estimates for smooth solutions 
of the regularized equation {*)s- 

Let Fs denote the functional as defined in (2.12). That is, Fg is the 
functional (2.7) with coefficients 71,72,73 chosen as in (2.9). The main result 
in this section is: 

Theorem 3.1. Suppose g = e^'^g^ is a smooth solution of {*)^ with 
positive scalar curvature, normalized so that J wdvo = 0. Then there exist 
constants Co,Ci,Cp etc., all depending only on go, so that 

(3.1) w > Co, 

(3.2) J [6{Aowf + \Vow\'^]dvo < Ci, and j {-/^ow)\Vow?' dvo < Ci. 
Moreover, for any real number a, 

(3.3) I e"^^ dvo < Ca. 
Finally, for any positive integer p, and for < S < ^, 

(3.4) y \Vow\'^\w\Pdvo < Cp. 

We begin the proof of Theorem 3.1 with an identity. 

Lemma 3.2. Suppose g = e'^'^go is a solution of {*)5- Then for any 

(3.5) J ^ dAow Ao^ + ^{36 - 2) [Aqv^I Votf P + 2Aow{Vo'P, Vow)o 

+2|Voit;p(Vo</?,Vow)o 



/ 



-2[/oV + 2Rico(Vo<^,Vou;) + ^{S - 2)Ro{VoV,Vow). 



Remark. Although we implicitly assume in the proof that w is smooth, it 
follows from a standard limiting argument that (3.5) is valid if w ^ H^^'^(M^). 
Indeed, wc shall take (3.5) as our definition of a (weak) H^^'^-solution of {*)s. 

Proof. From a straightforward computation (cf. [CY-1, (1.8)], or [BO]), 
w satisfies 

(3.6) = 2U^ + Pow + ^ (3(5 - 2) {bi{w) + biiw) + 63 (w^)} 
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where 

(3.7) bi{w) = Alw + ^RoAow + ^{VoIhyow)o, 

62H = AolVoi^l^ -2(Aow;)^ -2(Vow;,Vo(Aou;))o, 
h{w) = -2|Vou;pAou; -2(Vo^(;,Vo|Vo^(;|^)o• 
Therefore, 
(3.8) 

= J 2C/0V + J ^Pqw + Vbr{w) + j <pb2{w) + J <pb3{w)Y 

Proceeding term by term, we begin with the definition of the Paneitz operator 
to get 

(3.9) J ifPow = J<p Alw + d* Q Rogo - 2Rico) dw 

= / AqipAqw + -Ro{'Voip,'Vow)o - 2Rico(Vo(/?, Vqu^). 
Using the definitions in (3.7) and integrating by parts we also have 

(3.10) J (pbi{w) = J ipAlw + ^(pRoAow + ^p{VoR,Vow)o 

f 1 1 

= / Ao<^Aow; - - ip{VoR, Vow)o - ^ ^0 (Vo<yO, Vow)o 

+ ^ (Voi?o, Voiu)o 
= J AoipAow - ^Ro{Vq(p,Vow)o; 

(3.11) 

j (fibiiw) = J (pAo\Vow\'^ -2ip{Aowf -2(p{Vow,Vo{Aow))q 

= J Ao<^|Vou;|2 -2cp{Aow)^ + 2(p{Aowf + 2Aou;(Vo<^, Vou^)o 
= j Aq(p\Vow\'^ + 2Aow{Vo<P,Vow)o; 

(3.12) 

j <pb3{w) = j -2ip\VowfAow -2ip{Vow,Vo\Vow\'^)o 

= J -2(p\VowfAow + 2(pAQw\AQwf + 2\Aow\^{Vo<P,Vow)q 

2|Vowp(Vo<^,Vo«;)o- 



Substituting (3.9)-(3.12) into (3.8) we arrive at (3.5). □ 
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Proof of Theorem 3.1. In the following, we let C denote various constants 
whose value may change but depend only on qq. 

Proof of (3.1). If R denotes the scalar curvature of g, then > by our 
assumption, and by (1.10) 

(3.13) Aow + \Vow\^ + ^Re^"" = ^Ro- 
Hence 

(3.14) Aow + \Vow\'^ ^ 
and in particular 

(3.15) Aow < ^Ro. 
Now by Green's formula, 

(3.16) -w{x) + w = J G{x,y) Aow{y) dvoiy), 

where G{x,y) is the Green's function for (AI,go), and w = J wdvQ = 0. Since 
M is a compact manifold, we may add a constant to G and assume it is positive. 
Then (3.1) follows from (3.15) and (3.16). 

Proof of (3.2). By integrating (3.13) over M^, we have 

(3.17) J \Vow\^ < C. 

Since / = 0, by the Poincare inequality we conclude 

(3.18) Jw^<G. 
Now, taking cp = w in (3.5) we have 

■ S{Aowf + 1(35- 2) Aow\Vow\'^ + {35 - 2)\Vow\* 



I 



j -2U^w + 2Rico(Vo'«;,Vow) + ^((5 - 2)i?o|Vow;| 



Using (3.17) and (3.18) we conclude 

(3.19) j ^ 5{Aowf + ^ (3(5 - 2) Aow\Vow\^ + {35 - 2) \Vowf < C. 

There are now two cases to consider. First, suppose that 5 ^ ■> that 
3(5 — 2 G [0, 1] . It then follows from the inequality 

^ (3<5 - 2)xy > - A (3<5 - 2)^^ - {35 - 2)y^ 
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that 

I ^ (6 - 5) {Aowf < C 

which imphes 

(3.20) J {Aqw)'^ < C. 

On the other hand, suppose 6 G (0, |). Then 3(5 - 2 G (-2, 0), and by (3.13) 



\Vow\^Aow + |Vou;|^ < ^i?o|Vow;| 



whence 



J {36 - 2) AowlVowl"^ > j -{35-2) \Vow\'^ - C. 
Substituting this into (3.19) gives 

(3.21) j ^ 6{A^wf -\{^5- 2) IVo^l^ < C, 
and 

j ^ 5{A^wf - ^ (3<5 - 2) Aow\Vow\'' < C. 
Finally, using (3.14) again we observe that 

j Wow\^ < J -Aow\Vowf + ^ii:o|Vow;|^ 

< (^j{Aowfy (y ivoH')' + c, 

which implies 

(3.22) J \Vow\^ < J {Aowf + a 

To complete the proof of (3.2), notice that when 6 € |) 1 > then (3.2) follows 

from (3.20) and (3.22). U 6 e [i,|), then (3.2) follows from (3.22) and the 
first half of (3.21). If 5 G (0, |], then (3.2) follows from the first and second 
half of (3.21). □ 

Proof of (3.3). This is a direct consequence of (3.2) and the sharp Sobolev 
embedding theorem of Moser [M] - Trudinger [T]: if w£Wq'^{Q.), then w is in 

n 

the Orliz class e^"~ {Q) for any bounded domain J7 in R". In particular, e""' 
is integrable for any a. Trudingcr's result was later generalized ([F], [BCY]) 
to functions tt>ePr^'"(M") with / wdvo = on {M'^,go), with {M^,go) any 
compact Riemannian manifold. 

Proof of (3.4). We will prove the statement inductively on p. We first 
observe that by (3.1), we may replace w with w + Cq and so assume that 
u; > 0. We now substitute (p = w'^ in (3.5) and call the expression (3.5)p. 
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Integrating by parts on the left-hand side of (3.5)p, we get for (5 < |, 



(3.23) 



36 



L.H.S. of (3.5)j, = —p {Aqw) AqwwP-'^ + {p - l)\Vow\'^ w^'^ 



+ 2 iVoU'l^u;*"^ + {p-l)\Vow\^wP-^ 
36 f , , ,Q „_i 35 

+ \{2-35)p 



+ 



{AQwfwP-^ + —p{p-l) I (Aqw) |Vo 

2 j i-Aow - \Vow\^)\Vow\'^w- 
J {-Aow)\Vow\'^wP-^ 



2 ,„P-1 



-i(p-l)(2-35) J iVowl^vjP-^ 
> 1^ + 11^-^(2- 36) p j Ro \Vowf wP-\ (by (3.14)) 



where 
(3.24) 
(3.25) 



Ip = YP Ji^owfwP-^ + ^(2-3% l{-Aow)\VowfmP-\ 



Hp = y P(P - 1) / (Aow) \Vow\^ wP-^ _ 1 (p _ 1) (2 - 35) J |Vo 
On the right-hand side of (3.5)p we have 

(3.26) R.H.S. of (3.5)p = J -2U^wP + "^P J Rico \VowfwP-^ 

+ ^{6-2)p J Ro\Vow\''wP-^ 



w\^wP-\ 



< Cp (by (3.2)). 
Combining (3.23) and (3.26), we conclude that 

(3.27) Ip + lip < Cp. 
We now claim that 

(3.28) -lip < Cplp-i + Cp < Cp, for p > 2. 
To see (3.28), we first observe that from (3.14), we have 

(3.29) JlVowfwP-^ < J (^^Ro-Aov?j \Vow\^wP-^ 

< j i-Aow) \Vqw\'^wP-^ + Cp. 
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Thus for p > 2, (5 < 2/3, 

- lip < Cp I {-Aqw) \Vowf wP-^ + Cp 
< Cplp-i + Cp. 

When p = 2, Ii is bounded via (3.2), thus —II2 is bounded and hence I2 
is bounded via (3.27). Thus it is clear we can estabhsh (3.28) and (3.27) 

inductively for all p > 2. Also, note that the constant Cp will depend on 
(I -(5)-i; thus we assume (5 < | to eliminate this dependence. □ 



4. The regularized equation: Existence and regularity 

In this section, we will show that for all sufficiently small 6 > 0, {*)s 
admits a smooth solution with positive scalar curvature. To accomplish this, 
we will apply the continuity method. Fix So G (0, 1), and define 

S = {S e [60, l]\{*)s admits a smooth solution with positive scalar curvature}. 

Following the usual practice, we will show that S = [6q, 1] by arguing that S 
is both open and closed. Since we already saw that 1 G S* by Proposition 2.1, 
the desired result will follow. 

Proposition 4.1. // / a2{Ao)dvo > then S is open. 

Proof. The proof of this fact relies (as usual) on a perturbation result. 
Consequently, we will need to study the linearized problem. 

Lemma 4.2. Let Cg denote the linearization of {*)s at a solution g of 
positive scalar curvature. Then for any tp G PF^'^, 

(4.1) {v^,Csv)l^ > I ^S\A^f + ^R\Vvf. 
In particular, Ker Cg = M. 

Remark. The kernel of Cs is due to the scale-invariance of Fg. 
Proof. By a straightforward computation (Theorem 2.1 in [CY]), 

(4.2) {ip,jCs^)L2 = J 35(A^)2 - AE{V^,Vip) + {1 - 5) R\V ip\^ . 
We start with the sharp inequality of [SW, p. 234]: 

I -4E{V^,Vif) > /-4(^) \E\\V^\''. 
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By the inequality 2xy < ex"^ + e ^y^, which holds for any £ > 0, it follows that 
(4.3) I -4E(V<^,V^) > I -2£(^) -2e-'R\Vvf. 
Since g satisfies {*)s, 



-|£;|2 = ^Ai?-^it;2-47iH2. 



Also, / 0-2(^0)^^0 > implies 71 < 0, so that -l-Ep > | AR - ^R^. Substi- 
tuting this into (4.3) gives 

(4.4) / -4E(V<^, V^) > / ^ ^ I V<^p - (i + I) ^l^^l'- 

Integrating by parts in the first term on the right-hand side of (4.4) we get 

/^ivvl' = /-v/;v(ii-')|vvi^-^v|vvl= 
. /^|v,-.vV(v.,^). 

Prom the inequality 2\V'^ip{Vip, ^)| < |V^(^p -|- ^^1^ IVyjp, this becomes 

/^Iv^P > /-IvW- 

By the integrated Bochncr formula, 

/-|VVl' = / -{A^f + E{Vip,Vip) + ^i?|V<^p. 

Therefore, 

+ \r\v^\''. 

Substituting this into (4.4) gives 

j-AE{V^,V^) > |-M(A^)2 + M^(V^,V¥.) 

Now take e = ^ri^) which yields 
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Substituting this inequality into (4.2), we get 
, ^ , /• 352(4- 3(5) ,2 (5(-3(53 + 18(52 - 405 + 32) ,0 

Since 6 G [0, 1] , we can estimate the above expressions to arrive at 

{ip,Cs^)L2 > J ^S\A^f + ^R\Vipf. □ 

Remark. Lemma 4.2 is a generahzation of [G-2, Th. A], which considered 
the case where (5 = |. This corresponds to an eigenvalue estimate for the 
Paneitz operator. It is remarkable that, despite the coefficient S in the leading 
term of (4.2), one can still show that is invertible (modulo constants) for 
all 5>0. 

Define the differential operator 

G[w] = e^"' ((72 (^) - ^AR + 27i|r/|2) . 

If G[w] = 0, then g = e^^go satisfies {*)s- From conformal invariance we see 
that / G[w]dvo = 0. Thus, G : Wq'^ — Lq, where the subscript denotes 
functions with mean value zero. If we linearize G at a solution of {*)s, it 
follows from Lemma 4.2 that the linearization is invertible. 

Now suppose that 5i G S, and that gi = e^^^go is a smooth solution of 
{*)s^ with positive scalar curvature. It follows from [ADN, Th. 13.1] that there 
is a unique (up to scaling) smooth solution of {*)$ for all S sufficiently close to 
Si- Moreover, since the scalar curvature of gi is positive, by taking solutions in 
a small enough C^'^-neighborhood of gi we may conclude that the solutions of 
{*)s will also have positive scalar curvature, for S close enough to 5i. It follows 
that S is open, and the proof of Proposition 4.1 is complete. □ 

Proposition 4.3. S is closed. 

Proof. The proof of Proposition 4.3 consists of two parts. First, an a priori 
estimate for solutions of {*)s with positive scalar curvature. A consequence of 
this estimate will be the following: if {6^} is a sequence in S, and Sj- — >■ S, then 
(*)j admits a weak W'^''^{M'^)-solution. The second part of the proof is a local 
estimate which, when combined with the regularity theory for extremals of the 
functional determinant developed in [CGY], will allow us to conclude that this 
weak solution of {*)g is actually smooth with positive scalar curvature. It then 
follows that S is closed. 

Now, let {Sk} be a sequence in S, and suppose Sk 5. For each k, 
let gk = e^^'^go be the corresponding solution of {*)&^, normalized so that 
J Wk = 0. Since Sk G S, the scalar curvature Rk of gk is positive. Therefore, 
by (3.2) we have the estimate 
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/ 



Sk{AoWkf + \VoWk\* < Co. 



From this we conclude that a subsequence of {wk} (also denoted {wk}) con- 
verges (i) weakly in l^^'^(M^), (ii) strongly in Ty-^'^(M^), (iii) almost every- 
where to w G ly^'^(M^). Moreover, it is clear that g = e^^go satisfies 
weakly, in the sense that (3.5) holds with S = S for every (f G VF^'^(M^). 

To see that w is smooth, we need a growth estimate on the integral of 
(Aqw)'^ on a small ball of radius r. Therefore, fix P G Af^ and let p > 
be small enough so that the geodesic ball B{p) of radius p (measures in the 
go metric) centered at P admits normal coordinates {x*}. Then in B{p) we 
also have the Euclidean metric and associated Laplacian, gradient, and volume 
form: 4 

ds^ = ^ dx* (g) dx\ 

i=l 

V = — 

dx = dx^ A ... A dx^. 

For r > sufficiently small, say r < ro, let B{r) denote the Euclidean ball of 
radius r: ^ 

B{r) = |gGM4|^(a;*(Q))2<r|. 

Now fix r G (0, ro) and define h to be the biharmonic extension of w on B{r) : 

K^h = in B(r), 
1^ = II on dB{r), 
h = w on dB(r), 

where ^ denotes the outward normal derivative on dB{r) in the Euclidean 
metric. Define ip G 1^2,2 (^4^ |-,y 



w — h in B{r), 
outside of B(r). 



By (3.5), 



/' 3 - 

/_ -6AowAo{w-h) 
Jbm 2. 

Ao{w - h) I Vowp + 2Aow{Vo{w - h), Vow)o 
+ 2\Vow\'^ {Vo{w - h),Vow)o 



+ 1(36-2) 
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/ -2U^ (w-h) + 2Rico(Vo(w - /i), Vqw) 

JB{r) 



+ -{6-2)Ro{Vo{w-h),Vow)o 



implies 

(4.5) /_ 
Jb 



^HAowf + l{Sd-2)Aow\Vowf + (3^ - 2)|Vow;|^ 

B{r) 2 2 



- 6 AowAoh + - (3^ - 2) Ao/i| Vow;p 

B{r) 2 2 

+ {36 -2) Aow{Voh, Vow)o 

+ (3^ - 2)\Vowf{Voh, Vow)o - 2U^{w - h) 

+ 2Rico(Vo(u)-/i),Voy;) + ]^{5 -2)Rq{Vq{w - h),Vow)o. 

Let us denote the expression on the left-hand side (respectively, right-hand 
side) of (4.5) by LHS (resp., RHS). 



Lemma 4.4. (i) There is a constant C\ = Ci{5,go) such that 



(4.6) 



LHS > Ci 



/ {Aowf + \Vow\ 

JB{r) 



(ii) There is a constant C2 = C2{5,go) such that 



(4.7) 



RHS < C2 



/ {Aohf + \Voh\' 

JB{r) 



- C^r\ 



+ C2r^ 



(iii) There is a constant C3 = C^{5,gQ) such that 



(4.8) 



B{r) 



[Awf + \Vw\^ dx < C3 



B(r) 



{Ahf + \Vh\^ dx + Car^ 



Proof, (i) This inequality essentially follows from the arguments in the 
proof of (3.2) in Theorem 3.1. We begin with a claim: 

Claim. Aqw + \Vqw\'^ ^ \Ro almost everywhere on M^. 
To prove the claim, recall that for each A;, 



(4.9) 



6 6 



Since i?fc > 0, if we multiply both sides of (4.9) by any smooth > and then 
integrate over M^, we obtain 



j ipAoWk + VlVou^fcl < J ^-RoV'- 
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Since wj^ ^ w weakly in VF^'^(M^), this implies that 

and the claim follows. 

Now, to verify (4.6), we consider two different cases. First, suppose 5 G 
. Then 3^ — 2 > 0, so as before we have 

3 . .9 3 

B{r) 

JBir) 2 16 

- (3^ - 2)|Vow;|^ + (35 - 2)|Vok;|'' 



^ 1 

3' ^ 



(4.10) LHS = / ^(5(Ao«;)2 + |(35-2)Aow|Aowp + (3(5-2)|Vou;|^ 
Jbm 2 2 



lB{r) 16 

15 

By the claim above. 



= / ^ ^(6-^)(Ao^.)2 
Jbm 16 



> /_ ^(Ao«;)^ 
Jbm 16 



(4.11) / \Vow\^ Aow + \Vqw\'^ < I \ro\Vqw\^ 
Jbm Jbm 6 



(r) JB{r) 6 

1 , 1 

2//. /D\2\2 



< 



.■.-Ail 

(r) / \JB{r) V 6 



/ |Vo«;| 
Jbm 



Notice that w G W'^^'^{M^) C VF^'^(M^) implies that each integral in (4.11) is 
well-defined. Moreover, 

ivou-n < c 



B J \Jb \ Q J J yB{r)^ 

< Cr'^, 



and we conclude 



(4.12) / iVowfAow + \Vow\^ < Cr"^. 

JBir) 



Sir) 

Prom (4.12) we also have 



JBir) JBir) 

< \ I iVo^l' + \ I {^owf + Cr-" 

2 JBir) 2 JBir) 
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implies 
(4.13) 



/ \Vow\^ < [ {Aowf + Cr 

JB(r) JB(r) 



Combining (4.10) and (4.13) we see that (4.6) holds when 5 G 
(O, I) , then 3^ - 2 < so from (4.12) we get 



. If (5 G 



B{r) 



(3(5 - 2) Aou;|Vou;|^ > 



B{r) 



(3(5 - 2) |Vou;|^ - Cr^ 



so that 



LHS > 



|^(Ao«;)2 - J(3^-2)|VoH' -C^^'- 

B{r) 2 2 



This completes the proof of (i). 

To prove (ii), we need to consider each term on the RHS separately. This 
will be considerably simplified if we begin with the following crude estimate: 

(4.14) RHS < / \Aow\ |Ao/i| + / \Vow\^\Aoh\ 
Jbm Jbm 



+ 



I \Aqw\ \Vow\ \Voh\ + / |Vou;|^ |Vo/i| 

JB{r) JB{r) 

+ I \w-h\+ I \Vow\\Vo{w -h)\ 
Jb Jb 

where < means that the inequality holds up to a multiplicative constant which 
depends on 6 and ^o- Using the arithmetic-geometric mean inequality we can 
estimate the first four integrals in (4.14) as follows: 



(4.15) / \Aow\ \Aoh\ 


< 




i {A,u,f + le-' 

B{r) 2 


J {Aohf, 


[ \Vow\^ \Aoh\ 

JB{r) 


< 




f iVoH' + Je"' 

B{r) 2 


[ (Aohf 

JB{r) 


[ \Aow\ \Vow\ \Voh\ 


< 


r . 


/ {Aowf + \Vow\'^ 

JB 








o JB{r) 





I \Vow\'\Voh\ < el \Vowt + \e-^f |Vo/i|^ 

JB[r) JB{r) 8 J B{r) 
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To estimate the last two terms in (4.14), observe that on 

II h ||2,2 < ^(11 W 112,2) 

where C is independent of r (see [CGY-1, p. 237]). Therefore, 

1 1 

(4.16) / |u;-^|<(/ {w-hf\ (I I < Cr^ 

JB(r} \JB(r) J \JB{r)J 



(4.17) /_ \Vow\\Vo{w - h)\ 



By substituting (4.15)-(4.17) into (4.14) and choosing e > sufficiently small 
we get (4.7). 

Finally, to prove (iii), we combine (4.6) and (4.7) to get 



(4.18) / [(Aoy;)2 + |Vo«;|^l < / \{/^^hf + jVo/ij 

JB{r) L J JB{r) ^ 



Then (4.8) follows from (4.18) by appealing to [CGY-1, (3.1)], which compares 
the Euclidean volume form, Laplacian, and gradients appearing in (4.8) with 
their Riemannian counterparts in (4.18). The details will be omitted. □ 

Inequality (4.8) is precisely the conclusion of [CGY-1, Lemma 3.4]. We 

can therefore apply the subsequent arguments of [CGY-1] to conclude that 
w G C°°{M*). Moreover, it follows from the claim in Lemma 4.4 that the 
scalar curvature R oi g = e^^go is nonnegative. Since g satisfies (*)^, the 
scalar curvature satisfies 

5AR = 87i|??p -2|£;|2 + ^R^ 

- 6 

Thus, by the minimum principle, i? > on M^. This completes the proof of 
Proposition 4.3. □ 

Combining Propositions 4.1 and 4.3 we conclude: 



Corollary 4.5. // / cr2(^o)'^^'o > and Y{go) > then for each S > 0, 
(*)s admits a smooth solution with positive scalar curvature. 
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5. A priori W ' estimates 

Our goal in this section is to establish the following a priori estimate: 

Theorem 5.1. Let g = e^'^go he a solution of {*)s with positive scalar 
curvature, normalized so that J wdvQ = 0, and assume 

(5.1) J a2{Ao)dvo = J a2{A)dv > 0. 
Then there are constants C = C{go) and < 5q < 1 such that 

(5.2) J \\7lwfdvo + J \Vow\'^'^dvo < C 

for < (5 < Jq. In particular, for any a G (0, |) there is a constant Ca = 
C{a, go) such that 

(5.3) ||w^||c" < Ca- 

The proof of (5.2) is quite involved, and will be obtained through a series 
of lemmas and propositions. The basic estimate we will need is: 

Proposition 5.2. Under the same hypotheses of Theorem 5.1, there is 
a constant C = C{go) such that 

(5.4) j [^^^ dv < {1 + C6) J \Vwfdv + C j R^dv + C 
for 6 sufficiently small. 

Proof. We begin with some notational conventions. First, all integrals 
(unless otherwise specified) are with respect to the volume form dv of g. With 
this understood, we will suppress it from now on. Second, our calculations will 
sometimes be facilitated by introducing local coordinates. These coordinates 
are assumed to be normal at some point, and certain identities involving co- 
variant derivatives are understood to hold only at that point. For this reason 
we will not bother to distinguish between raised and lowered indices; all indices 
will be subscripts. For example, the gradient of a function will be denoted by 
Vj(p, and by our conventions Ric(V(/?, Vif) = RijViipV j(p in local coordinates. 
Finally, C denotes a constant which depends at most on ^q- 

Our arguments are somewhat imitative of the a priori C^-estimates for 
Monge- Ampere equations as described in [CNS-1], [CNS-2], [Ev], and [K]. How- 
ever, the estimates in these references are pointwisc in nature and involve the 
maximum principle. Since our regularized equation is fourth order, such tech- 
niques cannot work for us. Instead, we rely on integral estimates which (as 
we will see) present their own difficulties. Since our calculations are quite 
involved, it may be helpful to begin with an overview of the argument. 
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We begin with a simple identity. Let / G C°°(M^). Then by the diver- 
gence theorem, 

= y ViiSij V,/) 

Also, the contracted second Bianchi identity implies that S is divergence-free: 
ViSij = Vi{-Rij + i Rgij) = -ViRij + \ V jR = 0. Therefore, 

(5.5) = y Sij Vi Vjf, for any / G C~(m4). 

We will apply (5.5) to two different choices of /, resulting in two different 
inequalities. First, we let f = R. Then differentiating twice and using 

(5.5) we obtain the inequality (see (5.25)) 

(5.6) = / ^ij ^« "^j^ - J Q^T^E^ + j^R^ + (lower order terms), 
where tr = EijEij^Ejk. Next, we let / = 12|V'u;p, resulting in the inequality 

(5.7) ^ = j SijViVj{l2\Vw\^) 

> [ -GtT + ^R^ - 6 R\Vw\^ + {lo.t.). 

Adding (5.6) to (5.7), we see that the term trE^ cancels to give 



and (5.4) can be shown to follow from this inequality. A further argument is 
needed to derive (5.2), but this brief overview should provide the reader with 
a rough guide to the estimates which follow. To begin, let 



(5.8) / = I 



Sij Vi VjR. 



By (5.5), 1 = 0. Also, we have: 



738 sun- yung a. chang, matthew j. gursky, and paul c. yang 
Proposition 5.3. 

(5.9) / > J3(^\VE\'^ - ]^|Vii;|^^ + 6tr£;3 + _Li?3 _ ^j^2 _ ^ 

Proof. Inequality (5.9) is a consequence of the following fundamental 
identity: 

Lemma 5.4. Let{M'^,g) be any Riemannian A- manifold. Then 

(5.10) SijViVjR = 3Aa2{A) + 3 (\VE\'^ - ^ \VR'^ 



12 



+ 6ivE-' + R\E\' - GWijkeEikEjf: - QE^jB, 



where B^j denotes the Bach tensor. 
Proof By (1.18), 

A^ij- = ^ViVjR - ^ARgij + 2EikEjk - \ \E\^gij 
+ -^REij — 2WikjeEk£ —2Bij. 



Thus, 



^ A \Ef = \VEf + Eij AEij 



|V£:|2 + -EijViVjR + 2tTE^ + -R\E\'^ 
3 3 



— "^WikjeEijEkg — 2BijEij, 



(5.11) Aa2{A) = a(^-\\E\^ + j^R'^ 



= -\^E\^ + ^ |Vi?P - I Eij ViVjR + ^ RAR 
-2%tE^ - ^R\E\^ + 2WikjiEijEki + 2Bij Ei^. 
Note that Eij = —Sij + | Rgij, so that (5.11) can be rewritten 
Aa2{A) = -l^\VEf - ^iVRf'^ + ^SijViVjR 

- 2 tr - i R\E\'^ + 2 Wikje Eij Eke + 2Bij Eij, 
and (5.10) follows. □ 
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Continuing the proof of Proposition 5.3, we integrate (5.10) over M^: 

(5.12) I = j SijViVjR 

= j ?,(\VE\^ - ^\VR\'^^ + QivE^ + R\E\^ 
— QWikjiEijEki — BBijEij. 

Now, 

mkjeEijEkel < \W\ \Ef. 

By the transformation law for Weyl curvature, \W\ = e~'^^\Wo\o. Prom (3.1), 
we conclude that \W\ < C. Thus 

\WikjiEijEki\ < C\E\^. 

Similarly, 

\Bij Eij\ < \E\ \B\, 

and \B\ = e~^"'|Bo|o < C. Thus, the last two terms in (5.12) can be estimated 

by 

(5.13) J -6 Wikje Eij Eke - 6 Bij Eij 

> j -\E\^ - \E\ 



> 



J i\E\' + C). 



Note that the estimate (3.1) implies that the volume of g has uniform upper 
and lower bounds: J dv ^ 1. It is therefore irrelevant whether we place the 
constant in (5.13) inside the integrand or outside. 
By (5.1), 

so that / — > — j2 I Substituting this inequality into (5.13) and 
combining with (5.12) we obtain 

(5.14) / > j ^(^VE\^ - ^\VR\^^ + QiiE^ + R\E\^ 

- CR^ - C. 

The conclusion of Proposition 5.3 will then follow from (5.14) along with part 
(i) of the following lemma: 

Lemma 5.5. (i) j R\E\^ > I ^ R^ - CR^ - C, 



12 

{u)jR\E\'<j'^S\VR\' + ^R^ 
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Proof. From {*)s, 

JdRAR = j R 



^Jr\E\^ = J^d\VRf + AJ^R\7^\^ + ^R\ 
Since 71 < by (5.1), (ii) is immediate. To see (i), observe that \r]\ 



e 



2 _ 

"^""hlo < C, so that /47ii?|r/|2 > J -R^ - 1. □ 



In the next two lemmas we undertake some precise estimates of the terms 
in (5.9). 



Lemma 5.6. For any p >0, 

(5.15) JsRP (^\VEf - ^ |Vi?p^ 

> / I 5RP-^ {ARf + - 6pRP-^ |Vi?p AR 
+ 1271 RP-^{VR, V|?7p) - 1271 RP-^lrjl"^ |Vi?p. 

Proof. Differentiating {*)s, we obtain 

= 5V{AR) - 87iV|r7|^ + 4|£;|V|£;| - \rVR. 
Now take the inner product of both sides with RP~^VR and integrate: 

(5.16) = J 6RP-\VR,V{AR)) - 8jiRP-\VR,V\r]\'^) 

+ ARP-^\E\{VRy\E\) - ^RPIVRI"^. 

Using the arithmetic-geometric mean inequahty (henceforth referred to as the 
AGM inequahty), we obtain 

J4RP-^\E\{VR,V\E\) < J2RP\V\E\\^ + 2RP-'^\E\^\VR\^. 

By Kato's inequahty |V|£;||2 < \VE\'^, 

(5.17) J 4RP-^\E\{VR,V\E\) < J 2RP\VE\'^ + 2RP-^\E\'^\VR\'^. 

We now use {*)s to substitute \E\'^ into the last term of (5.17): 

(5.18) J 2RP-^\E\'^ |Vi?|2 

= l2RP-^i^-^-AR + Aj,\nf + ^R'^VRl' 

= J -SRP-^\VR\'^ AR + 87ii?f-2|r/|2|Vi?|2 + ^ RP\VR\'^. 
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By (5.17) and (5.18), 

(5.19) J ARP-^\E\{VR,V\E\) < J 2RP\VEf + ^RF\VR\'^ 

-SRP-'^\VR\'^AR + 8jiRP-'^\r)f\VRf. 
Returning to (5.16), we integrate by parts in the first term: 

(5.20) J SRP-^ {VR, V(Ai?)) = j -SRP'^AR)'^ - 6ip-l)RP-'^\VR\'^ AR. 

Substituting (5.19) and (5.20) into (5.16), multiplying by |, then rearranging 
terms, we get (5.15). □ 



Corollary 5.7. 

3^{AKl 
R 



- C. 



(5.21) y 3 (|V£;p - 1 iVi^p) > 1^6- 

Proof. If we take p = in (5.15), then 

(5.22) J 3 (\VEf - 1 |Vi?|2) > J Is^-^ + 127ii?-^Vi?, V|r?p)) 

-12-fiR-^\r]\^\VR\^. 
Since 71 < 0, by the AGM inequality, 

(5.23) 127ii?-i(Vi?,V|r7p) - 12^iR-^\v\^ \VR\^ 

= 2471 \rj\ {VR,V\ri\) - 12-fiR-''\r,\^\V R\^ 
> 127i|V|r?| f. 

Now, 

(5.24) jMvW'dv = Je^'^\Vo{e-^nv\o)\'dvo 

< J e-^'^dvo + J e-^'^lVowfdvo 

< 1 + y" \Vow\^dvo < C, 

where the last inequality follows from (3.1). Then (5.21) follows from (5.22)- 

(5.24) . □ 

Corollary 5.8. 

(5.25) / > lls^^^ + 6tr£;3 + l^R^ - CR^ - C. 



2 R 12 
Proof. This follows from (5.9) and (5.21). □ 
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The next result amounts to a technical lemma, which will be useful in our 
subsequent estimates. 

Lemma 5.9. If 6 < ^, then 
(5.26) J d\VRf < J 6R^ + + 1. 

Proof. Since E is trace-free, wc have the sharp inequality 



Thus, 

V3 



6trE^ + R\E\^ > - 4= 1^1^ + R\E\ 



= \Ef (- 2V3\E\ + i?) . 

Using the AGM inequality 

-2V^\E\ = -2{V6\E\R-^/^) (^-^R^/^^ > -Q\E\'^R-^ - ^R, 

we get 

(5.27) f6tTE^ + R\Ef > f ( - 6\E\^ + -R^ 



i? V 2 

\E\^ 



j lA- {l2a2{A)) 
J\^{36AR - 247i|r/|2) 

Js6^\Ef-24^,\^\r,f 

> f35^\E^^ 
J R 



the last line following from the fact that 71 < 0. Using the AGM inequality 
once again, we obtain 



J i? ' ' - 7 2 R 2 



R ' 



and substitution of {*)$ into the last term above gives 

^2 n |i?|2 



J it;'' - 72 R 2 R \ 2 ^'""^12; 

f 1 , (Aii:)2 9 ,2 Ai? ,^,2 I^P , ,2 
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Combining terms, we have 
Substitution of (5.28) into (5.27) gives 

-1 /A 



(5.29) j6tvE' + R\E\' > | - | (l - ^ 5 



R 



We now substitute (5.29) into (5.25) and obtain 

(2 - 3(5) (Ai?)2 



S{4:-3d)-^R 

when S < ^. Note that we can roughly estimate the terms above by 



^ (5 (4 - 3(5)-^ R\Ef - CR^ - C, 



> / I - SR\Ef - CR^ - a 



8 R 

By Lemma 5.5 (ii) this imphes 
Finally, notice that 

'' " ^ -25RAR 



7 8 R 



< 

^2 



^ / I > / 2d\VR\' - 8dR'. 

J 8 R J 

Substituting this into (5.30) we conclude 

> j26(l-^ \VRf - C5R^ - CR^ - C. 



Now define V = \\Vw\'^. By (5.5), 



(5.31) / 
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Lemma 5.10. 

(5.32) Sij ViVjV = Sij ViVkwVjVkW - ^ VkwVkAijSij 

+ ^VkwVkA^ijSij - SijVi\Vw\'^VjW 

+ ^ R{Vw, V|V^^;|^) + Rikjm Sij VmwVkW, 

where Rikjm denotes the components of the curvature tensor of g. 

Proof Clearly, VjV = Vj (HVwp) = VjVkwVkW. Thus, ViVjV = 
VjVjku;VjVjkt(; + ViVjVfcwVjfcW. Since the Hessian is symmetric, VjVjVfeW = 
ViVk^jW. Commuting derivatives, we find 

ViVkVjW = VfeVjVjW; + Rikjm^mW- 

Therefore, 

(5.33) ViVjV = ViVkwVjVkW + Vk^i'VjwVkW + Rikjm'^mwVkW. 
Note that by (1.16), 

(5.34) ViVjW = - \Aij + - ViwVjW + ^ \Vwfgij. 
Hence, 

VkViVjW = -^VkAij + ^VkA'^ij - VkViwVjW 
-ViwVkVjW + ^Vk\Vw\^ gij, 
which we substitute into (5.33) to get 

(5.35) ViVjV = ViVkwVjVkW - ^VkwVkAij + ^VkwVkA^ij 

— V iV kwV jwV kW — V jV kwV iwV kW 

+ ^ ^kWVk\Vwfgij + Rikjm VmWVkW. 

Pairing both sides of (5.35) with Sij and using the identity Sijgij = R, we have 
(5.32). □ 

Since we will need to rewrite several of the terms in (5.32), let us denote 

(5.36) SijViVjV = Hi + • • • + He. 
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Lemma 5.11. 
(5.37) III = SijViVkwVjVkW 



= -4*^^+48^1^1+ 576^ 

+ SijAjkViwVkW - \Vwfa2{A) + ^i?|Vu;|'' 

~ 2 ^''^ ^^'^ 4 ^'^^ ^^i^ ~ ^^'^ VjwVkW 

+ lSijAl\Vwf. 

Proof. By (5.34), 

(5.38) III = SijViVkwVjVkW 

= Sij ^Aik + ^ ylife - ViwVkW + ^ \Vw\'^gik 

■ (- ^ Ajk + \ A% - VjwVkW + ^ I Vw;|2 

~ ^ "^ii ^i*; ^ifc ~ 2 ^''^ + 4 ^^'^ 

+ 5jjAjfeVi'u;Vfcu; - SijA^VjwVkW - ^Sij Aij\Vw\'^ 

Then (5.37) follows from (5.38) and the following two identities: 

(5.39) \SijAkAjk = -\tvE^ + ^R\E\^ + ^l^R^ 

(5.40) SijAij = 2a2iA). 

To prove (5.39) and (5.40) we simply use the fact that Aij = E^j + ^ Rgij, Sij = 
— Eij + J Rgij. □ 

Lemma 5.12. 

(5.41) II2 = -^VkwVkAijSij 

= -^{Vw,Va2{A)). 

Proof. We have 

'^k^ijSij = (^kEij + Y^^kRSij^ + '^^9ij 



= — Eij VkEij + — RVkR 
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2 

Lemma 5.13. 

1 



-l^kwVkAij Sij = - J {Vw, V a2iA)). □ 



(5.42) II5 = -R{Vw,V\Vw\') 



l_.n__ 1 



= --RAijViwVjW + -RA^^^ViwVjW - -i?|V 



Proof. Prom (5.34), 



II5 = -R{Vw,V\Vw\^) = RViVjwViwVjW 



= R(-^Aij + ^Al - ViwVjW + ^\Vwfgij^ ViwVjw 

= - ^ RAijViwVjW + ^ RA^ViW Vjw - ^R \Vw\'^. ^ 



Lemma 5.14. 
(5.43) He = Rikjm.Sij'VmwVkW 

= WikjmSijVrnWVkW - Sik Aj^V iWV jW 



RAij'Viw'VjW + (72(A) I Vi/; p. 



Proof. This follows directly from (1.2): 



1 

2 

WikjmSijVmW'^kW - Sik AjkV iWV jW 



+ gkm Aij Sij VmWVkW 



1 1 , ,2 



and appealing to (5.40) for the last term we get (5.43). 
Combining the results of Lemmas 5.10-5.14 we have: 



□ 
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Corollary 5.15. 

(5.44) Si^ViVjV = -^tvE^ + ^R\Ef + -l^R' 

-^{Vw,Va2{A)) - ^R\Vw\^ 

- SijVi\Vw\'^VjW + WikjmSijVmW'^k'W 

_ 1 Q../!., 4O lie.. AO AO 
2 'Jtj^ik ^jk ^ ^ ^ik ^jk 

-SijA^i^ViwVkW + ^SijAl\Vwf 
+ \ Vkw Vk + A% ViwVjW. 

Proposition 5.16. 

(5.45) S^jViVjV > -itr£;3 + li?|£;|2 + ^it;3 

-^(Vu;,Va2(A))- li?|VH^ 

- SijVi\Vw\^VjW - C|Ricp - C|Ric||Vw;p - C. 

Proof. We begin with a claim: 
Claim 5.17. 

(5.46) \W\ < C, 

(5.47) \A^\ < C, 

(5.48) |V^°| < C + C\Vw\. 

The proof of (5.46) and (5.47) is a straightforward apphcation of (3.1): 

\W\ = \W\g = |VFo|oe-2"' < C, 
\A^\ = \A\ = |^°|oe-2«' < C. 

To prove (5.48), note that in any local coordinate system, 

(5.49) v,4 = - r^4,. - r-,AL 

where the T^ denote the Christoffel symbols relative to the metric g. By the 
transformation law for the Christoffel symbols under a conformal change of 
metric (see [Ei]), 

(5.50) rffe = + djwSkm + dkwSjm - {gor' {go)jkdsW 

where the 7^ denote the Christoffel symbols relative to go. From (5.49) and 
(5.50) we conclude (5.48). 
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Using (5.46)-(5.48) we can estimate the last seven terms of (5.44) as fol- 



lows: 



Wjkim SijVmWVkW 


> 


-C 


Ric 


|Vw;|^ 


1 Q 

~ 2 ^'■^ ^^'^ ^i'^ 


> 


-c 


Ric 


2 

! 


1 

<?•• 4° 4° 
^ '^^J -^ik ^jk 


> 


-c 


Ric 






> 


-c 


Ric 




\s,,A%\Vw\^ 


> 


-c 


Ric 


|Vu;|^ 




> 


-c 


Ric 


|Vu;| - 


]^RAlViwV^w 


> 


-c 


Ric 





and obtain (5.45). 

Proposition 5.18. For all 5 > sufficiently small, 
(5.51) = II > 



□ 



4 288 4 ' ' 



CSR^ - C6\Vwf- CR^ - C. 



Proof. Integrating by parts and using (1.14) we have 
(5.52) I ^^{Vw,Va2iA)) = j^Awa2{A) 



R 



2r6 +6^°' j ^2(^) 

= J~^Ra2{A) + ^Roe-'^a2{A) 

+ ^\Vw\'a2{A). 

Similarly, by (5.34) and (5.40), 
(5.53) 

j - SijVi\Vw\^VjW = j \Vw\^ViSijVjW + \Vw\^ SijViVjW 

\Vw\^ Sij | - ^ Aij + - ViwVjW 

j -\\Vw\^ S,,A, + \s,,A%\Vw\^ 
- \Vw\^ Sij ViW VjW + ^ R\Vw\'^ 
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J-\Vw\'a2{A) + ^-S,,A^^\Vw\' 



+ \Vw\'^ RijViwVjW. 
Substituting (5.52) and (5.53) into (5.45) we get 

(5.54) = 11 > J-^tTE^ + lR\E\' + ^R^ 

- ^Ra2{A) + lR,e-'^a2{A) - l\Vw\'a2{A) 

2d V7„„V7„„ ^ DlV7„„|4 , 1 C. /lO |V7.„|2 



By {*)s 



I 



12 



+ \\7w\'^Rij\7iw\7jW - -R\\7w\^ + -SijA^j\Vw\ 
-C|Ric|2 - C|Ric| |Vu;|2 - C. 

Ra2{A) = |-li?(^Ai?-27iM2) 

- Ji^l'^Rf -c\Ricf -a 

Similarly, 

J^R,e-'^a2{A) = |li?oe-2-(^Ai?-27iH2) 
= I^R^e-'-AR-:^Roe-'-\rj\' 
= / - ^ (Vi?o, Vi?) - ^ (V(e-2-), VR)Ro 
6 



> J - CS\VR\ - CS\Vw\ \VR\ - C 

> /-A|viir^-civ»p-c 

which when combined with the estimate above gives 

(5.55) / Ra2{A) + ^ Roe-'^ a^iA) > \VR\' - C |Ric|2 - C. 



750 



SUN- YUNG A. CHANG, MATTHEW J. GURSKY, AND PAUL C. YANG 



Also, 

(5.56)/-^|VH'^2(^) = /-^|VH'(^Ait;-27iH^ 

--\Vw\^AR - C\Vw\'^ 



5 

> l^-{V\Vw\^VR) -C 



Lemma 5.19. 



(5.57) J -6\V^wf\Vw\^ > j -&R^ - 5|Vu;|6 - - I. 
Proof. Prom (5.34) we have 



2„.,|2 



1^ -' 2-- ■ 2 

< \Af + \Vw\' + l. 

Thus, 



J -6\V^w\'^\Vwf > J -Cd\A\'^\Vw\'^ - CS\Vw\^ - CS. 



Since C72(A) = + 



> j -C6\Vw\^ (^-2(72{A) + \r^^ - C5\Vwf - C6 

= J -Cd\Vw\'^a2{A) - CSR^lVwl"^ 

-CS\Vwf - CS 
= j -C6\Vw\^ ij^^ ~ 27i|?7|2^ - C6R^\Vw\^ 

-C5\Vwf - C5 
= J -C6'^ \Vwf AR - CSR^ I Vw;p - CS |r/p \Vwf 

-CS\Vw\^ - CS 

> J CS'^{V\Vw\'^,VR) - CSR^lVwl"^ - CS\Vwf - CS 

> J -CS'^ \V^w\ \Vw\ \VR\ - CSR^ \Vw\^ - CS\Vwf - CS 
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> J -CS^ |Vi?p - CS'^ \V^w\^ \Vw\^ - C5R^ \Vw\'^ 
-C6\Vwf -CS. 
Therefore, when S is sufficiently smah, 

J -d\V^w\'^\Vw\^ > j -C6'^\VR\^ - C5R^\Vw\^ - C6\Vwf -C5. 

By Lemma 5.9, 

j -C5^\VR\^ > J -CS^R^ - C5R^ - C5, 

and since i?^ \ Vw\'^ ^ + \Vw\^ we conclude 

J -d\V^w\'^\Vw\'^ > j -5R^ - 5R^ - 5\Vwf -5. □ 
Substituting (5.57) into (5.56), then (5.56) and (5.55) into (5.54) we get 



(5.58) = 11 > y-itr£;3 + + ^ 



576^' 



1 

4 

C5R^ - C^lVu;!^ - C 



+ \Vw\^ RijViwVjW - -i?|Vu;|^ 



R^ 

3 



+ ^\Vw\^ SijA% - C|Ric|2 - C|Ric||Vw;| 
We estimate the last three terms in (5.58) as follows: 
j]^\Vw\^SijA% > J-C\Ric\\Vw\\ 
J -C|Ricp = jc{2aM) - \ 

> j C - CR^, 
J-\Ric\\Vwf > y-|Ricp-|V 

> J - CR^ - C 
the last line following from (3.2). Therefore, 
(5.59) = 11 > I - i 



+ \Vw\^ RijViwVjW - ^R\Vw\'^ 
- CSR^ - CS\Vwf - CR^ - C. 
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Using (1.7) and integrating by parts, we can estimate the term involving 
the Ricci curvature in (5.59) as fohows: 

J\Vw\''RijViwVjW > y'|c72(^)|VH^ 

= /|(^Ai?-27iH^) |VH^ 

= J-lsVRV{R-')\Vwf-l6^V\Vwf 
f 3 JVi?p ,4 3 , |Vi?P ,4 

= J -36\V^wf\Vwf. 
Therefore, by Lemma 5.19, 

(5.60) J \Vwf RijViwVjW > J -SR^ - S\Vwf - R'^ - 1. 

Substituting (5.60) into (5.59) and using Lemma 5.5(i), we arrive at (5.51). □ 

Through (5.51) we can now complete the proof of Proposition 5.2. We 
begin by adding the results of Proposition 5.18 and Corollary 5.7: 

(5.61) > I + 24 II = 1 Sij ViVjR + 2ASijViVjV 

-6trS^ + —R^ - 6R\Vw\'^ 
12 ' ' 

-C6R^ - CS\Vwf - CR^ - C 
= j S^-^ +'^-R' -QR\Vw\^ 
-CSR^ - CS\Vwf - CR^ - C. 
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Dividing through by 36 and using Holder's inequahty we find 

/ (I)' < 11 \Vw\^ + CSR^ + CS\Vwf + CR' + C 



+ CR^ + C. 

Since xy < ^ + § 2/'^^^ for x,y > 0, 

I {IP- 1 nihil + <^ / K + ^iv»i« + «^ + 1 

which imphes (5.4). 

It remains to show how (5.4) leads to the 1^^'^-estimate in Theorem 5.1. 
This requires several intermediate estimates, beginning with 

Proposition 5.20. 

(5.62) J \V^wf \Vwf < J d\Vwf + + 1. 

Proof. We will need some preparatory inequalities 
Lemma 5.21. 

(5.63) (i) J (^1^ \Vwf < {1 + C6) J |V«;|^ + C J R^ + C, 

(5.64) (ii) J {Awf \Vw\'^ < J 2Aw\Vw\'^ 

+ C6R^ + C6\Vwf + CR^ + C, 

(5.65) (iii) j \Vwf < j ^R\Vw\'^ + C5R^ + C5\Vwf + CR^ + C, 

(5.66) (iv) j Au;|Vu;|^ < j + S\^wf + R^ + I. 

Proof, (i) Using xy < | x^/^ + 1?/^ along with (5.4), we have 

/(f)^v., . |/(f)%i/,VH» 



< (1 + C6) j \Vwf + j CR^ + C. 
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/ 



(ii) By (1.14), 



\Vw\^- J \Vwf 
= [ {Awf \Vwf + \Vwf + 4 ^0 e-^"" Nwf 



-2Aw;|Vw;|^ - \ Aw RQC-^'^lVwf + ^ i2oe"^'^|Vu;|^ - |V«;|^ 



leads to 



(5.67) J {Awf iViup 



I)' \Vw\' - \Vwf 



+ 



j 2Au;|Vu;| 



+ \AwRQe-^'"\Vw\'' - \ Roe-^'"\Vw\\ 
The last two terms in (5.67) can be estimated using (1.14) and (3.2): 
y ^Au;i?oe-2"'|Vw;|2 < j \ywf + {Awf 

< / 1 + 

Finally, appealing to (5.63) we get (5.64). 
(iii) By (1.16) and (1.14) 

(5.68) J 2\Vw\'^ RijViwVjW = J 2\Vw\'^ AijViwVjW + ^R\Vw\" 
= j 2\Vwf 1^°- - 2ViVjW - 2ViwVjW + \Vwfgij^ ViwV, 
+ \r\Vw\'' 

= j 2\Vw\^ A^^jViwVjW - 4:\Vw\^ViVj'uNi'uNjW 

-2|Vw;|^ + -R\Vw\'^ 
3 

= j 2 \Vw\^ A% ViwVjW - Vi \Vw\^ ViW - 2 \Vw\^ 

+ \r\Vw\^ 

= j 2\Vw\'^ A^^jViwVjW + Aw\Vw\^ - 2\Vwf + ^R\Vw\^ 



w 
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-2\Vwf + Ji?|Vw;|^ 

-\Vwf + ^i?|Vw|^ 
< - |Vw;|'^ + ^R\Vw\\ 

Combining (5.68) with (5.60) we get (5.65). 

(iv) Substituting (1.14) into (5.65), we obtain 

J \Vwf < J ^R\Vw\^ + CSR^ + Cd\Vwf 
+ CR^ + C 

= J (^^oe"^"" - Aw + \Vw\^^ \Vw\^ 

+ C5R^ + C5\Vw\^ + CR^ + C 
< J -Aw\Vw\'^ + \Vwf + CSR^ + CS\Vwf 

+ CR^ + C 

=^ J Aw\Vw\^ < J C6R^ + CS\Vwf + CR^ + C. □ 
Now, combining (5.64) and (5.66) we find 

(5.69) J {Awf |Vu;p < J ^R^ + S\Vwf + R^ + 1. 
By the Bochncr formula, 

^A|Vwp = |V^u;p + RijViwVjW + {Vw,V{Aw)). 
Multiplying both sides by |Vw;p and integrating by parts give 

(5.70) y" iV^wp |Vwp = J ^\Vwf AlVwl"^ - iVwl"^ RijViwVjW 

- \Vw\^ {Vw,V{Aw)) 
= J -^\V\Vw\'^\'^ - \Vw\'^ RijViwVjW 
+ \'Vwf{Awf + Aw{Vw,V\Vw\'^) 

< J -^\V\Vw\^f - \Vw\^ RijViwVjW 

+ \Vw\\Awf + ^\Vw\^{Aw)^ + ^|V|Vw;p|2 
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3 



J - \Vw\^ {Awf - iVwl"^ RijViwVjW. 



Substituting (5.60) and (5.69) into (5.70) and appealing to (5.4) give (5.62), 
which concludes the proof of Proposition 5.20. □ 

Prom Lemma 5.21 we can deduce that the inequality in (5.4) can be re- 
versed: 

Corollary 5.21. 

(5.71) j |Vu;|^ < {1 + C5) /(!)' + / CB? + C. 

Proof. By (5.65), 

j \Vw\^ - / f l^^l^ + ^^^^ + + + C- 

Once again using the inequality < | x^/"^ + ^ , we have 

j |Vt«|6 < +\ iVw^l' + + C5\Vwf + CR" + 1, 

which implies (5.71). □ 

The following reverse-Holder inequality will be the penultimate estimate 
in the proof of Theorem 5.1. 

Proposition 5.22. 

1 

(5.72) (^j \Vw\^'^Y < J \Vwf + 1. 

Proof. In the following, some of our calculations are done in the back- 
ground metric go. Por this reason, we will carefully distinguish between quan- 
tities that are given with respect to g versus g^. 

To begin, recall that the Sobolev embedding theorem implies that W^'^ ^ 
L^^. Thus, for any / G W^'^, 

(1 Ifl'^dvoY' < J \Voffdvo + J \ffdvo. 

2 

If we take / = |Vo'w|e~3'", then 

Jf'^dvo = I \Vow\'^ e-^"" dvo 

= j\Vw\' 



1 12 



dv. 
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Therefore, 
(5.73) 

\Vw\^Uvy < l\Vo{\Vow\e-"3^)fdvo 



< 



< 



iV^wfe-^"" + iVou-l^e-H dvo + C. 



dvo 



Comparing the Hessian relative to the metric g with the Hessian Vg 
relative to go we have 

Thus, 

(5.74) IVluofe-^"" < e^"'|V^u;|=^ + e'^'^lVwf. 
Substituting (5.74) into (5.73) we get 

(5.75) (^J \Vw\^'^dv^ ' < J \V^wfdv + J \Vwf dv + 1. 
By (5.34), 

(5.76) \V^w\^ < \A\^ + \Vwf + 1, 
so that 

(5.77) (^J iVwl^^dvY"^ ^ J {\Af + \Vwf) dv + 1. 

Lemma 5.23. 
(5.78) 



J \A\^dv < J R^dv + 1. 



Proof. First, notice |Ap = |Ep + -^R"^ implies that 
(5.79) J \Afdv < J (\Ef + dv. 

By {*)s, 

\Ef = ^R' + 4j,\r,\'-^^^R- 
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Multiplying by \E\ and integrating by parts gives 
(5.80) j\E\^dv = J 

r 1 „ A 1 

dv 



— R^lEl + - VIEIVR 



dv 



< 



12 
1 

12 



R^\E\ + -|V^P + -|Vi?p 



dv. 



dv. 



Using the inequality R'^\E\ < | i?^ + | we conclude from (5.80) that 
(5.81) J \Efdv < J [s\VEf + S\VRf + R 

Integrating (5.10) over we obtain the identity 
J \VE\'^ = / 



^|Vi?|2 - 2tTE^ - ^R\E\' 



so that 



J \VEfdv < 
Substituting this into (5.81) gives 



+ ^Wijki Eik Eji + 2Eij Bij 
1 



12 



dv, 



dv. 



J\Efdv < J 



\Efdv < 

lEl^dv < 



R^ + S\VRf + S\Ef + C 



dv 



R^ + (5|Vi?|2 + C 



dv. 



Finally, appealing to Lemma 5.9 along with inequality (5.79) we get (5.78). □ 
Substituting (5.78) into (5.77), we obtain 



Vwl'^'^dv 1 < 



R^ + \Vw\^ + 1 



dv. 



Then (5.72) follows from (5.4). 



□ 



Remark. In the remainder of this section we return to our convention of 
computing in the metric g and suppressing the volume form. 

Lemma 5.24. 

(i) J\Vwf < C, 

(ii) /|V^|i2 < C, 

(iii) JR^ <C, 
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(iv) J\A\^ < C, 

(v) J\VM' < C, 

(vi) II w Ilea < C, for a < I . 

Proof, (i) We begin with integration by parts: 

j \\/w\^ = j VwVw\Vw\'^ = j -wAw\Vw\'^ - wVwV\Vw\'^ 

< J \w\ \V^w\ |Vi(;|^ 
By Holder's inequality, 

< {vM^WM'^y (/ |VH'')' (/ |Vi 

Appealing to (5.62), (5.72) and (3.4), we obtain 

< 6m \VwA + ( I rA"" ( I IVH*^ 



'W\'^ \W\ 3 



2 



3 

8 \ 8 



which implies 

(5.82) J \Vwf <(^J R^ +1 

By (5.4) 



2 , ,2 



< ( / ' < ( / l^^wf Y +1. 



And combining this with (5.82) gives (i). 

(ii) This is immediate from (i) and (5.72). 

(iii) follows from (i) and (5.4). 

(iv) follows from (iii) and (5.78). 

(v) follows from (i), (iv), and (5.76). 

(vi) Notice that by (3.3), 
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J \Vowfdvo = J {Vwfe^'^dv 



1 

^8w ' ^ 



The result then follows from the Sobolev embedding theorem. □ 
Proof of Theorem 5.1. Simply apply Lemma 5.24, using (5.74). □ 
In conclusion, we note an important corollary. 
Corollary 5.25. 



(5.83) Js(^^ydv<C. 

Proof. From (5.61) and Lemma 5.24 we conclude that 

R 



Therefore, 

Then (5.83) follows from (5.84) and the following result: 
Lemma 5.26. 

mini? > Co > 0. 

Proof By {*)s, 

SAR = 87i|r/p - 2\Ef + I R^ < 8^i\rjf + Ji?'. 



Evaluating at the minimum point of R and appealing to Lemma 5.24 (vi), we 
have 



(mmR)^ > — 487imin|r/| 



4871 min e-'^'"\r]\'^ 





> 48(-7i) (maxe*^"')-^ (min|ry|g) 

> Co > 0. □ 
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6. A priori W ''^ estimates for s < 5 

This section will be an extension of the a priori estimates of Section 5. 
Our goal is to modify the argument to establish the following: 

Theorem 6.1. Let g = e^^go be a solution of {*)s with positive scalar 
curvature, normalized so that J wdvo = 0. Assume 

(6.1) J a2(Ao)dvo = J a2{A)dv > 0. 
Then there are constants Cg = C{go, s) and Sq < 1 such that 

(6.2) J \Vlw\'dvo < Cs 

for any < s < 5 and < 6 < do. 

As a direct corollary of the Sobolev embedding theorem, we have the 
following C^'" a priori bound for the solution w of {*)s- 

Corollary 6.2. Under the assumptions of Theorem 6.1, there is a con- 
stant Ca = C{go,a), so that 

(6.3) II w llci.a < Ca for all a < ^ and S < So- 

o 

The proof of (6.2) follows the same pattern as the proof of (5.2) in Sec- 
tion 5, with the exception that the terms contributed by SAR are more com- 
plicated than before and need to be handled with more care. 

To start the proof, in analogy with (5.8) and (5.31), for each < p < 2, 
define 

(6.4) P = JSijViVjRP+\ 

(6.5) IP = J SijViiR^VjV), 

where V = ^jVifp. Since S is divergence-free (see (5.5)), both P and IP = 0. 
Thus our strategy is to show that some combination of the terms P and IP is 
bounded below by a multiple of / RP'^^ plus some lower order terms. 
We begin by splitting the terms P, IP as follows: 

(6.6) P = / Sij Vi Vj RP+' = J Sij Vi{ip + 1) VjR R^) 

= (p + l) j RP Sij ViVjR + p{p + 1) J RP-^ SijViRVjR 
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and 

(6.7) IF = j SijVi{RFVjV) 

= p J RP-^SijViRVjV + jRPSijViVjV 

Estimating If. We now apply the identity (5.10), the estimate (5.15), and 
argue as in the proof of Lemma 5.5 to obtain 

I? = (p + l) J R^SijViVjR 

= {p + l) j R^ [3Ac72(A) + 3(|Vi?|2 - ^{VR?) 

+ 6tr£;3 + R\E\^ - GWikjeEijEke - GBij Eij 
> 3(p+l) J A{RP)a2{A) 

+ (P+1) [ ll^Ji^'H^Rf + lspRP-^\VR\^ AR 
+ l2-iiRP-^ < VR,V\vf > -12ji RP-^\r]\'^\VR\'^ 
+ (p+l) J {6RPtTE^ + RP+^ |E|2) - C J RP+'^ - C. 
Using we obtain 



-AR-2^M^ 



(6.8) I? > 3(p+l) j A{RP) 

+ (p + l) / l^SRP-^iARf + ^SpRP-'^lVRf AR 
+ 1271 RP-^ {VR, V|r7|^) - I271 RP'^ \rj\'^ |Vi?|^" 
+{p+l) J (QRPtiE^ + RP+^ \E\^\ - C I RP+^ - C 
> lP^^ + S{p + l) J -27iA(i?^')|r?|2 



where 
(6.9) 



+3(p+ 1) j [4jiRP-^ < VR,V\r]\^ > -47ii?P-2|r?|2|Vi?p 
+{p+l) J (GRPtvE^ + RP+^ \Ef) - C j RP+'^ - C, 



+ 2pRP-'^\VR\^ AR 
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We can estimate the terms involving t] in (6.8) by integrating by parts, using 
the Schwartz inequaUty, and the fact that 71 < 0, as follows: 

3(p + 1) J [-2-fiA{RP)\r]\^ + AjiRP-^ < Vi2,V|r?|2 > -4^iRP-^\r]\^\VR\'^' 

= 3(p + l) J [2^i{p + 2)RP-^ <VR,V\rif > -i-/iRP-'^\rif\VRf 

> -C j RP\VH\\ 

Since | V|ry| ^ = | V(e~^^|?7|o)P and p < 2, we can use the results of Lemma 
5.24 (i.e., ||V^i;||i2 <C, w> -C) to conclude -C ^ RP\V\r}\\^ > -C J RP+^ - 
C. Substituting this into (6.8) we have 

(6.10) I? > I^g + {p+l)J {GRPtiE^ + RP+'^\Ef) - C J RP+^ - C. 

Wc now introduce the notation: 

(6.11) Ap = jRP-\ARf, 

Bp = J RP-^ \VR\'^ AR. 
With this notation, we may rewrite (6.9) as 

(6.12) If , = ^5{p+l)[{p + 2) Ap + p{p + 1) Bp] . 

The following material is fairly technical, but the overall goal is to establish 
(6.31) below: 



If ,5 + 1P + 24(p + 1) II? > CSiAp + Cp)-c(^j RP+^^ - C, 

for any 6 > 0,p < 2. This will require additional notation as well. We begin 
with: 

o 2 

Lemma 6.3. Denote V R = V^-R - \ ARgij, and 
Cp = Irp-^\VR\\ 

Ap = jRP-^lV^Rf, 

Dp = J RP-^ViVjRViRVjR, 

Dp = j RP-^V^ijRViRVjR. 
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Then 

(6.13) ^pBp = AAp - 2,Ap - 2{p ~2)Cp + 4(p - 2) Dp. 

+ 4 Jric {VR, VR)RP-^. 

Proof. Recall the Bochncr identity: 

(6.14) ^A\VRf = \V^Rf + mc{VR,VR) + {VR,VAR). 
Then integration by parts along with (6.14) give 

(6.15) Bp = Jrp-^\VR\^AR 

= J A (rF-'^ \VRf) R 

= j A (rF'^) |Vi?|2 ^ + ^ / ("^^^"^ V|Vi?|2)i? 
+ j A\VR\^RV-^ 

= {p-2) J RP-^\VR\^AR + {p~2){p-3) Jrp-^\VR\^ 
+ 4{p-2) j RP-^ViVjRViRVjR+ 2 J RP'^ R]"^ 
+ 2 j RP~^mc{VR,VR) + 2 j RP-'^{VR, V{AR)). 
Rewriting the last term in (6.15) and integrating by parts once again, we obt 

(6.16) J RP-^ {VR, V(Ai?)) = ^ J VRPV{AR) = ~ j ARP AR 

= —{pAp + p{p-l)Bp) 
= -{Ap + {p-l)Bp). 
Substituting (6.16) into (6.15), we obtain 

(6.17) Bp = -2Ap-pBp + {p-2){p-3)Cp 

+ A{p-2)Dp + 2 J RP-'^\V^Rf + 2 J RP-^mc{VR,VR). 

There are two ways to express the term Dp. First, we can write 

(6.18) Dp = j RP-\ViVjR- ^ARgij)ViRVjR 



= Dp + - Bp, 
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and substituting (6.18) into (6.17), we get 

3 O O 

(6.19) 3Bp = --Ap + 2Ap + A{p -2)Dp + {p- 2){p - 3) Cp 

+ 2 J RP-^ Ric {VR,VR). 
Alternatively, we can integrate by parts and express Dp as 

(6.20) Dp = ^ J ViRVi\VR\'' = -^{Bp + {p-2) Cp). 
Substituting (6.20) back into (6.17), we obtain 

(6.21) 3{p-l)Bp= ~Ap+2Ap-{p-l)ip-2)Cp+2 J RP-^RiciVR,VR). 

Summing (6.19) and (6.21), we obtain the identity (6.13) in the lemma. □ 
Corollary 6.4. For p <2, 

(6.22) 3{p-S)Bp > -3Ap + Cp{2-p) {i^ + \p 



Proof. Applying the sharp inequality of [SW, p. 234], we have 

o P\ o 

(6.23) \V'^R{VR,VR)\ < ^ |V^i?| |Vi?p. 
Therefore, 

(6.24) A{2-p)\Dp\ < 2V3i2-p)Ap^/^C^/^ 

< 4Ap + ^{2-pfCp. 

Substituting (6.24) into (6.13), then applying the inequality Ric(Vi?, V-R) 
> 2^^|Vi?p, we obtain (6.22). □ 

We will now begin to estimate Ilf . Our strategy is to establish that 

If 5 + I^ + 24(p + 1)11? > SiAp + Cp) + lower order terms 

as in (6.31). 

Lemma 6.5. There is a constant C = C{go) such that for any e > 0, 
r]>0, 

(6.25) Ilf > ~ pe^ J RP-^ Sij ViRVjR -CSe'^rjAp - Cde'^rj-^Cp 
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Proof. For any £ > 0, we can write Hi as 
(6.26) 

Ilf = p J RP-^SijViRVjV 

= \p j R""-' SijVi (^eR + Vj [eR + 

We notice that for each ry > 0, 
(6.27) J RP-^ Sij Vi (^eR + Vj (^eR + ^ 



AR 



^-5 1 RP-^ — \VieR+ -V 



1 



1/2 



1/2 



^ - C Se^ rj Ap - C Se^ rj-^ Cp - C e'^ rj'^ J RP'^ \VV\^ -C. 

We now estimate the term / RP~^\W\'^ . Since V = ||Vwp, we have 
= ViVjwVjW, and \ W\ < \V'^w\ \Vw\. Thus 



(6.28) 

and 
(6.29) 



j RP-^\VV\'^ < J RP-^ |V2w;|4 |Vw;|^ 

R^-^SijViVVjV < I R^-^\V^w\^\Vw\'^ 



+ j RP-^ \V^w\'^ \Vw\^ 



Substituting (6.28) into (6.27), then substituting (6.27), (6.29) into (6.26), 
we see that inequaUty (6.25) in Lemma 6.5 is a direct consequence of the 
following technical lemma. 

Lemma 6.6. Suppose w satisfies (5.2) and (5.3). Then there is a constant 
C = Cigo) such that for any nonnegative positive number a,b,c with s = 
a + 6+ f < 6, 



(6.30) 



R' 



a + b 



+ c. 
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Proof. Since \R\ < \Rq\ + |Att;| + |Vu)p, by Holder's inequality 
J R''\V^w\''\Vw\'' 

+ J |V2«;|^ |V«;|" 
< ( I W^'^^ ( f \Vw\^')^+ ( I ( f Wwl^^^"^ 



2a+c 

o , \ s / / , , 2cs \ 2s 



By (5.3), for s < 6, we have 2s < 12 and Vw G L^^; hence 



a + b 

s 

+ C. 



To finish the proof of (6.30), we simply observe that since w satisfies (5.2) (i.e. 
w is bounded) and s < 6, by elliptic regularity, 

j \y'^w\' < j (\Vlw\' + \Vow\^') dvo < j \Vlw\'dvQ + C 

< j {AowYdvo + C < j R'dvo + C. □ 

Lemma 6.7. There is a constant C such that for each S > 0, p < 2, 

\ — 

(oi) i;, + + 24(p + 1) n; » CHA, ^c,)-c (/ ij-3) '« - a 

Proof. Combining (6.6), (6.12) and (6.25), we have for each e > small 
enough so 12£^ < p + 1, 77 > 0, 

+ If + 24(p+l)II? 

>^5{p + 1) [{p + 2)Ap+ p{p + l)Bp\ 

+ {pip + 1) - 12p(p + 1)£^) j BF~^ Sij ViR VjR - CSe'^rj Ap 



p+l p+2 

C5e^ r?-i Cp - Ce-^ ( / R^+A - Cpe'^ ( [ R^^'^ 



By the fact that 

j RP~^SijViRVjR > j 3RP-'^a2iA)\VRf 

= J 3RP-^\VRW^AR-2ji\r]\ 
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the preceding estimate becomes: 
(6.32) 

If,, + I^ + 24(p+l)II? 

>^Sip + 1) [{p + 2)Ap+ pip + l)Bp + (p- I2pe^) Bp] - C5e'^ rj Ap 

p+l p+2 

- Cfe2 ^-1 _ ce-^ (^j RP+^^ - Cpe-^ (^j RP+^^ "^^ . 

Thus if (5 < 1 < p < 2, we may apply (6.22) and (6.32) to obtain that for 

all r/ > 0, 

(6.33) 

If,, + I^ + 24(p + l)Ilf 

> 9(5£^ {p + l)Ap + ap dCp - Upd^Ap - C5e^ rj Ap 

p+l p+2 



-CSe^rj-'Cp- Ce-^ri-^ (^j W+^y^" - Cpe-^ (^j 



+3 



P+3 



where ap is a positive constant depending only on p. 

Thus if we first choose rj small enough so that Cr) < 8{p + 1), and then 
choose £ sufficiently small so that ap > C£^'q~^, then for 5 sufficiently small 
we conclude from (6.33) that (6.31) holds. □ 

We will now estimate the term Ilg = / R^SijViVjV. 

Proposition 6.8. There is a constant C such that for p < 2, for each 
7>0, 

(6.34) 11^ ^ J RP i^At.E' + A_rS^ 

- CjSAp - CjSCp - J RP+^ - C J RP+^ - C. 

Proof. The proof of this proposition follows the pattern of the proof of 
Proposition 5.18. However, the estimates are less delicate because we already 
know w G L°° and Vw G L^^ in view of Theorem 5.1. We will outline the 
proof but skip some of the details. 

To begin with, we have from (5.45) in Proposition 5.16, 

(6.35) R^SijViVjV > Rp(^-^tvE' + ^R\E\' + :^R^^ 

-^RP{Vw,Va2{A)) 

- ^ RP+^ \Vw\^ - RP Sij Vi\Vwf Vjw 
-CRP\Ric\'^ - C RP\mc\\Vw\'^ -CRP. 
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AR + 471 |77p 



By i*)s, 

(6.36) J RP+^ \Ef = J RP+^ (^-^ 

J RP {Vw,Va2{A)) = - J RPAwa2{A) - J V iRP)Vw a2{A), 
so that 
(6.37) 

'^RPAw\r]f 



+ 



RP{VW VC72(^)) 

RP AwSAR 

J RP-^\VR\S\AR\\Vw\ + 271 y" V{RP)Vw\ri\ 
< SA]!'^ RP+^{Awf^^'^ + j RP\Aw\ 



+ 



+ 5Ay^Cll^ RP+^\Vw\ 
Now, for p < 2, 



1/4 



27:/ 



RP 



Aw+{Vw,V\r}\^) 



(6.38) 



j RP+\Awf < j RP+^ + j RP+^ \Vw\^ + j RP+^ 



< I Rp+^ + a 



jRP^^Y"' (^J \Vwf(^+'Y^' + Jrp+' 



Applying a similar argument as (6.38) to each of the terms in (6.37), we 
obtain 



(6.39) 



j RPVwVa2{A) < jSAp + 7"^ j RP+^ + jdCp + C 



for any 7 > 0. 

We now observe that integration of the rest of the terms on the right- 
hand side of (6.35) can be estimated similarly to the corresponding terms in 
Proposition 5.18. 

Combining (6.36), (6.37), (6.40) and our observation above, we obtain the 
desired estimate (6.34) in Proposition 6.8. □ 

Proof of Theorem 6.1. As explained before, our strategy of proof is 
the same as the strategy of proof of Theorem 5.1. That is, we add up 
F + 24(p + 1)IP, so that the coefficient of the term / RPtv in the sum 
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becomes zero and the rest of the terms in the sum are dominated from below 
by / RP'^^. To be more precise, first we combine (6.6), (6.7), (6.8) and (6.34) 
to obtain 

(6.40) = F + 24(p + 1) IF 

= I? + I§ + 24(p + 1) II? + 24(p + 1) 11^ 
> I?^, + If + 24(p + l)II? 

+ {p+l) (^j GRHtE^ + 

+ 24(p+l) l^l-^RPtvE^ + ^R"^') -C^6A, 

-C-fSCp - J RP+^ - C J RP+^ - C. 

We then apply (6.31), Lemma 6.7 to estimate the term I? ^+l2+24(p+l)II? 
in (6.40) above. We now choose 7 small enough so that in the combined 
expression the coefficients of the 6Ap and SCp terms are positive. Thus we 
conclude that there is a constant C = C{go,p), so that for all p <2, 

(6.41) = F + 24{p + 1)IF > ^ + 1) / ^^^^ ~^^J ^^^^ 

p+2 

It follows from (6.41) that for 5 sufficiently small and p < 2 there is some 
constant C = Cigo,p) so that / RP+^ < C. Thus /|Aw|p+3 < c- from this 
and the fact that w G L°°, Vw G L^^, we conclude that (6.2) holds. □ 



7. Smoothing via the Yamabe flow 

In light of our estimates in Sections 4-6, we now have a priori C^'" 
bounds for solutions of with positive scalar curvature. However, for tech- 
nical reasons we seem to be unable to improve on this. For example, the 
integral estimates of Section 6 break down when we attempt to establish an 
L^-bound for the scalar curvature as soon as p ^ 5. In this section we show 
that once p > 4, we can use the Yamabe flow to smooth solutions of (*)j and 
obtain metrics with a2{A) > 0. 

Theorem 7.1. Let g = e^"^ g^ he a solution of with positive scalar 
curvature^ normalized so that J wdvo = 0. Assume J a2{A)dv > 0. If 5 is 
sufficiently small, then there is a smooth conformal metric h = e^^g such that 

(T2{Ah) > 0. 
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The proof of Theorem 7. 1 is based on estimates for solutions of the Yam- 
abe flow using parabolic Moser iteration. The nonlinear nature of the flow 
obviously complicates matters, but we will see that our cause is aided by the 
fact that the evolution of the quantity / = (J2{A) + 27i|77p is fairly simple to 
analyze (more precisely, we will study the quantity see (7.24)). 

A curious feature of the analysis in this section is the necessity of a priori 
LP bounds for the curvature of the initial data with p > 4. Typically, the 
smoothing effects of semi-linear heat flows, like the Yamabe or Ricci flows, 
only require p > ^ = 2. But to obtain in addition a positive lower bound for 
(72 (^) we actually need p > 4; see the proof of Theorem 7.1 at the end of the 
section. 

We begin with a basic short-time existence result, based on the work of 
[Ha], [Ye]. 

Proposition 7.2. Let g satisfy the hypotheses of Theorem 7.1. Consider 

at ~ 3 ^"■^ 
hiO, ■) = g = e^^go. 



(7.1) 



Then there exists a Tq = To (50) such that (7.1) has a unique smooth solution 
forte[0,To). 

Proof. On a compact n-dimensional Riemannian manifold, consider the 
normalized Yamabe flow 



(7.10 



r{t) = jRdv/Jdv, 
[ h{0, •) = ho. 



Then (7.1)' is known to admit a unique smooth solution for all time (see [Ha], 
[Ye]). When n = 4, (7.1) and (7.1)' differ only by a rescaling in time and space 
in order to normalize the volume. Therefore, our result will follow if we can 
produce a time interval (depending on go alone) on which the volume of h is 
controlled. 

To this end, let us record some basic consequences of (7.1). 

Lemma 7.3 (See, for example, [Ch]). Under (7.1), 

d 2 

(7.2) di'^'' ^ ~^Rdv, 

, , dR 1 , 

(7.3) ^ = C.R^-R\ 



Remark. Since the initial metric /i(0, •) = g has positive scalar curvature, it 
follows from applying the minimum principle to (7.3) that the scalar curvature 
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of h remains positive for as long as the solution exists. Indeed, by Lemma 5.26 
the scalar curvature must satisfy 

(7.4) R > C{go) > 0. 

From (7.2) we see that the volume is decreasing: 



-Rdv < 0. 



Also, 
(7.5) 



dt 



R^dv 



dv 



dv 



I 



I"" ^ 

By (7.3), 

1/*'* = /2ii(Afl + iiJ^)<i. + iJ^(-^iJ 
2\VR\^dv < 0. 
From (7.5) and (7.6) we conclude that 

vol(/i(0,-))5 - Cotf < volh{t) < vol(/i(0,-)) 

where Cq = Co{\\ Rg By Lemma 5.24, || Rg \\l2< C{go), and this 

completes the proof. □ 

Proposition 7.4. Let g satisfy the hypotheses of Theorem 7.1. Fix 
s G (4, 5). Then there is aTi = Ti{go) < Tq such that for t <T\, the solution 
h = e^^g of (7.1) satisfies 

(i) II Ric/i < 2 II RiCp {{l^; 

2 

(n) II Ric/i lloo < C2t~», where C2 = (^2(50); 
(iii) II V ||oo< C{go). 

Proof. The proof of Proposition 7.4 relies on estimates for the Ricci flow 
derived in [Ya], summarized in the following lemma: 

Lemma 7.5 (See [Ya]). Assume that with respect to the metric h = h{t), 
<t <T, the following Sobolev inequality holds: 

n-2 



(7.7) (^j |(^|^ dv^ " < Cs y"|V(^|^ dv + J (fi'^dv 
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Also, let b be a nonnegative function on M" x [0, T] such that 

TT- dv < bdv. 
at 

Let q > n, and suppose u>0 is a function on M" x [0, T] satisfying 

— < Au + bu, 



and that 



sup II b 11^9/2 < p. 

0<t<T 



Given po > 1, there exists a constant C = C{n,q,po,Cs, (3) such that for 
0<t<T, 

(7.8) II u{t, •) lloo < Ce^H~^ II u{0, •) Ilpo . 

Moreover, given p > Po > 1, the following inequality holds for <t <T: 

(7.9) ^ j uPdv + y |V dv < C p^ J dv 

where C = C{n,q,po,Cs)- 

To apply Lemma 7.5, we need first to gain control of the Sobolev constant 
Cs defined in (7.7). To this end, let T2 < Tq denote the first time at which 

(7.10) I Ridvh = 2 j Rldvg, 

(if (7.10) never occTirs then take T2 = +00) and define T2 = min {^2, l) • By 
the definition of the Yamabe invariant, for t <Tq and any tp G W^''^{M'^), 

(7.11) Y{go) Q ifUvhY - I ^l^^l''^'''* + / 

Using (7.10) and the fact that s > 2 we can estimate the second term on the 
right in (7.11) as follows: 



J Rh v'^ dvh < (^j Rh dvj)j ' ^-1 dvh 

1 1 ; 

By (7.10) we therefore have 

j Rh(p^dvh < C(c/o) (^J 'p'^dvh^ (^j ip'^dvh^ 

1 

< ^Yigo) (^j ^Uv^y + C j ip^dvh. 
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Substituting this into (7.11), we see that (7.7) holds for < i < T2, with 
Cs = Csigo). 

We now invoke Lemma 7.5 with u = R,b = R, q = 2s > 8, and po = s. 
By (7.9), 

(7.12) l-jR-i.<cjR- 

where C = C{go,s). Integrating (7.12) we obtain 

(7.13) j Rldvh < e^' j R'gdvg. 

If T2 < 1, then taking t = T2 in (7.13) we conclude that 

(7.14) = i log2 > C(5o). 
Also, from (7.8) we see that 



2 



(7.15) R < Crs 

for < t < T2, with C = C{go). Writing h = e^'"g and differentiating, we see 
that V satisfies 



(7.16) 



dv 1 r> 

at 6 



2 



I ^(0,-) = 
Integrating (7.16) using (7.15) we find 

(7.17) II V ||oo< CT^'^ < C. 
Now let Ti < To denote the first time at which 

(7.18) j \Rich\'dvh = 2 I \mcg\'dvg, 

(if (7.18) never occurs take Ti = +00) and define Ti = min|Ti,r2|. In order 
to apply Lemma 7.5 to the evolution for the Ricci tensor, we first derive the 
evolution equation for |Ricp. 

Lemma 7.6. Under (7.1), 
d 

(7.19) ^ll^icp = AjRicp- 2|VRic|^ - 4tr Ric^ + 3i?|Ricp 

— -R^ + 4Wikj£ Rij Rhe + 4Sy Rij 
where Bij is the Bach tensor. 

Proof. A simple calculation gives 

^ = -ViViR + -ARga. 
dt 3^6 ^ ^ 
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Therefore, by (1.18), 



d 1 2 2 



1 .2 



-R'gij + 2WikjiRH + 2S 



and (7.19) follows. □ 
Corollary 7.7. For t<Ti, 

(7.20) ^'^^^1 - ^l^^^l + C|Ricp. 
Proof. By (7.19), 

^|Ricp < A|Ricp - 2|VRicp + C|Ric|^ 

+ 4\W\ |Ric|2 + 4|5| iRic]. 

Since \W\ = \Wh\ = e-^^'lWgl, \B\ = \Bh\ = e'^^'lBgl, by (7.17) it follows 
that for t<Ti, 

d 

(7.21) ^|Ricp < A|Ric|2 - 2|VRic|2 + C\Kic\^ + C|Ricp + C |Ric| 

< A|Ric|2 - 2|VRic|2 + C|Ric|^ + C|Ric|. 

By (7.4), Cq <R < |Ric|, so |Ric| < |Ricp. Applying this inequality to (7.21) 
we obtain (7.20). □ 

As a consequence of (7.20), we may apply Lemma 7.5 with u = |Ric|, 
b = C|Ric|, q = 2s>8, and po = s. By (7.9), 

(7.22) ^ j \mc\'dv < C j\Ric\'dv. 
Integrating (7.22) in time gives 

(7.23) J \Ric\'dv < e^* J \RiCg\' dvg. 

Now, if Ti < min{l,r2}, then taking t = Ti in (7.23) we see that Ti > 
C{J iRicgl" dvg) = C{go). On the other hand, if Ti > min{l,T2}, then by 
(7.14) we still conclude that Ti > C{go). 

Finally, note that (7.8) implies part (ii) of Proposition 7.4, thus completing 
the proof. □ 

Proposition 7.8. Define f = a2{A) + 27i|r?p. Ift< Ti, then under (7.1) 
— 2R Wikje Eij Eke — 2-R Bij Eij — C. 
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Proof. The proof of (7.24) requires several intermediate lemmas, beginning 

with 

Lemma 7.9. Under (7.1), 
(7.25) ^ = A/ + (|V£;p - ^ |Vi?p) + 2tvE^ + 1 R\Ef 

-2WikjiEktEij - 2BijEij+ {^liR\r]\^ - 271 A jjyp^ . 



Proof. Since 



by combining (7.3) and (7.19) we get (7.25). 
Lemma 7.10. 

(7.26) \VE\- - 1 \VR\^ > -2(vf, ^) + 2/ ^ + 47i \V\v\ 

Proof. We argue as we did in Lemma 5.6. Namely, 

V/ = Via2{A) + 27i|r/|2) 

= v(-i|^p + li?^ + 27iN^) 



= -|£;|V|£^| + j^R'^R + 47i|r?|V|?7|. 



Therefore, 



-47i^(V|r/|,Vi?) 



-/ + ^^' + 27iH' 



__L|vi?|2 - 47iM(v|?7|,Vi?) 

|Vi?p 



i?2 



1 (iv^l^ - ^IVi^l') - / 

+ 27ll'7pi^-'l7lJ|{VH,VB) 
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+ 27i|r/|' 



271 |V|r?| 1^ 



Lemma 7.11. Fort<Ti, 
(7.27) ^ 7ii?|r?|2 - 271 A|?7|2 + 47i|V|?7| 1^ > -CR - C. 

Proof. Let us write h = e^" g = e^^''+'"^ go = e^'^go. Let L = A-^R denote 
the conformal Laplacian; then Lhcp = e~^^Lgg{e^(p) = e~^^Lo(e^(/?). Therefore, 



(7.28) A|r?p 



{e-''\ri\l) 



= e 



+ 2(vo{e-'^),Vo{\v\t))-lRoe-'^\r,\l 



By (1.10), 



l^lo [-3Aoz + 9|Vo2| 

+ e-6^Ao|r?|2 - 12e-6^(Voz,Vo|r?|o)|ry|o 



Aoz + \Vozf + Ji^e^^ = Iro- 
6 6 



12|Vo2p + ^^e^'- ^^0 



Thus, 

e"^' l^lo [-3Aoz + 9|Vo^|' 
Substituting this into (7.28), we get 

A\r,\^ > 12e-6^H^|Voz|2 - 12e-6^(Voz,VoNo)Ho 
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Since 71 < 0, this implies 

- 27iA|r7|2 > - 2471 Hi | Vq^P + 2471 e'^^ (Vq^, Vo|??|o) \r]\o 
-27ie-6-AoHg + ^7ii?oe-^1^lo- 

Now, 

47i|V|r?||2 = 47ie-6^|Vo(e-2^|r/|o)P 

= 47ie-6"| - 2e-2^ Vo^ |r?|o + e"'^ Vo|r?|o|' 
= I671 e-6^|Vo^|' Hi - I671 (Vo^, Vo|r/|o) |r7|o 
+ 47ie-6^|Vo|r?|o|'. 

Therefore, 

-27iA|r/|2 + 47i|V|r/||2 

> -87ie-6^|r?|2|Vozp 

+ 8716-6" (Vo^,Vo|r?|o)|??|o 

+ 47ie-6"|Vo|r/|oP - 271 e-^-Aol??!^ + \liRoe-^'Hl 

> 67ie-6^|Vo|r/|o|' - 271 e-6^Ao|r?|g + ^-fi RQe'^'Hl. 

By Proposition 7.4 and (5.3), || z ||oo < || ^i' ||oo + II ^ lloo ^ C(gQ). Hence, 
-27iA|?7|2 + 47i|V|r?||2 > -C. 

Also, 

l7iR\v\' = lliRe-''\v\l>-CR, 

so that (7.27) follows. □ 

To complete the proof of (7.24), we compute ^ (■^) using the results of 
Lemmas 7.9 and 7.10: 



dt \R 



R-' 






R-^ 


|-iJ-V(AiJ+liJ=) 




R-^ 


A/ - m-^{Vf,VR) + 2fR- 


-^\VRf 


fR- 


-^AR + 2R-^tiE^ + - 


If 


2R- 


^Wikji Eij Ek£ — 2R ^ Bij Eij - 


- CR-^ - C. 
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Note that 



a(^) = R-'Af + fA{R-') + 2{Vfy{R-')) 



= R-^Af - JR-^AR + 2fR-^\S/R\^ - 2R-^{Vf,VR), 
so that (7.24) foUows. □ 

Proposition 7.12. Define tp = max. ^— -^,0^. Then fort <Ti, 

(7.29) ^ < A(p + Ci |Ric| ip + Ci|Ric| 

where Ci = Ci{go). 

Proof. We begin by analyzing the curvature terms in (7.24). As in the 
proof of Corollary 5.8, we have the sharp inequality 

IR'hi + - \E\'^ = (eti E'^ + R\E\ 

3 3R ^ 



> ■!— L 
- SR 



(-2^31^1 + r) 



Therefore, 
(7.30) 

1 \E\'^ 

2R-hiE^ + - > ^ (2V3\E\ + R) (-2^31^1 + R) 

3 ' ' - 3R{2V3\E\ + R)^ ' ' ' ' ^ 

1^1' (-12|£;|2 + i?2) 



3R{2V3\E\ + R) 

8|^|2 



R{2V3\E\ + R) 

R{2V2,\E\ + R) 
8|E|2 // 



(/-27iH') 



~ {2^/3\E\+R) \R 
Also, by Proposition 7.4 (iii), 
(7.31) —2R ^WikjiEijEki — 2R ^ Bij Eij 

- R R 

C / 1 ,^,2 1 „2\ C ^ C 

= ^{-7;\Ef + ^R']-^R-^ 



R \ 2' ' 24 J 24 R 



780 SUN- YUNG A. CHANG, MATTHEW J. GURSKY, AND PAUL C. YANG 

Finally, combining (7.24), (7.30), (7.31), and using (7.4) wc conclude 

dt \RJ - \Rj {2V^\E\+R)\RJ 3 \R 
C - CR- C. 



If we let If = max{— ^,0}, then (in the T^^'^-sense) 

^ < + C{\E\ + R + l)ip + CR + C. 

Since |Ric| >IR>C>0, \E\ + R+1< |Ric|, and (7.29) follows. □ 

Proof of Theorem 7.1. Let us begin by summarizing (7.29) and Propo- 
sition 7.4(ii): for t<Ti, 

(7.32) ^ < A(p + Ci\Ric\ip + Ci|Ric|, 

(7.33) II Ric ||oo< Cst-i 

Define (pi = <fi{t) = exp |^r2 CiC2t~^ — 1. Since s > 4, <^i(0) = and it is 

2 

easily verified that dt(pi = CiC2(l + (pi)t~'^ for t > 0. Let u = ip — (pi. Then 
du dip dipi 

'dt ^ ~dt ~ ~dr 

dpi 



< Ap + Ci\Ric\(p + Ci|Ric| 



dt 



= Au + CilRick + Ci|Ric|<^i + CilRicI - 

dt 

< Au + Ci|Ric|it + CiC2(l + pi)t~^ 
= Au + Ci|Ric|u. 



dpi 
dt 



Appealing once more to Lemma 7.5 with 6 = Ci|Ric|, po = 2, q = 2s, we 
conclude that for t <Ti, 

W^-^i lloo < ct~^ II p>{o, •) - <^l(0) 11^2 . 

Now, ipi{0) = 0, and by {*)s 

II p{0,-) \\l^<\\ ct2{A) + 27i|?7p 11^2 = 11 ^ ■ 
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Therefore, by Corohary 5.25, 

lloo< CS^^tr'^ 
^ip < (pi{t) + Cd^ t~^, t < Ti. 
By the definition of (f, this impUes 

(c72(A) + 27i|r?|2) > - - CS^ t-\ t < Ti. 

By Taylor's Theorem, (pi{t) < Ct^'i. Also, by (7.33), R<Ct~-s. Therefore, 
(72(A) + 271 |r7|2 > R(^-ipi{t)-CSh-^) >Ct--s (^-t^--s -Sh-^) 

^MA) > -27i|r/|2 - Cgti-I - C3<55t-(i+|), t<Ti. 

Recall that |r/|2 = e-^(''+"')|r/|g > C{go) > 0. Thus, there is a constant 
C4 = C4(go) > such that 

(7.34) (72(A) > C4 - Cst^--^ - CsS^ t-^^+-s\ t < Ti. 
Let to = to{go) satisfy 

^1-4 1 

C3«o ' = 4^-4 
and define to = min|ri,to|- Then to satisfies 

(7.35) Cstl'-^ < ^^4 
because s > 4. 

It now follows from (7.34) and (7.35) that the metric h = h{to, •) satisfies 



Therefore, once S < 60 = (^4]^ " j 'iC^ 



2 



02{Ah) > ^C4 > 0. □ 



8. Examples 

In this section we consider the class of 4-manifolds that admits a posi- 
tive conformal structure (i.e., the Yamabe constant of the conformal class is 
positive) satisfying the condition / a2{A)dv > 0. As a consequence of our 
result these manifolds carry metrics of positive Ricci curvature, hence their 
fundamental group must be finite. We consider simply connected manifolds 
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satisfying these two conditions. The homeomorphism classification of simply 
connected 4-manifolds proceeds according to the algebraic classification of the 

intersection form (sec [DK]). There are two families of possible quadratic forms 
according to whether the manifold carries a spin structure. For the nonspin 
case, the quadratic form is of odd type and is of the form 

(8.1) i©i©---©i©-ie---®-i 

where k ^ t. By reversing orientation if necessary we may assume k > i. M 
is then homeomorphic to A;(CP^) #^ ^CP^^. The index formula 

127rV(M) = ^ J - \W-\^) 

and the Gauss Bonnet formula 

combine to give 

\ 4vr2(2x - 3r) = i / | VF" ^ + / ^2. 

Since x(M) = k + i + 2, t{M) = k - i. In order that Jj^a2 > for M = 
A;(CP2) #£(CP2), it is necessary that 4 + 51 > k. In particular, when £ = 0, 
k < 4. In fact Lebrun et al. [LNN] show that k{C¥^) for A; < 3 admits a 
conformal structure which is self-dual and satisfies > \E\. When £ = 1, 
k < 9, and each such topology is homeomorphic to a Kahler metric with 
positive first Chcrn class. When £ > 1, the constraint 2% — 3r = 4 — /c + 5^ > 
is satisfied by a large number of manifolds; however it is not clear whether all 
such topologies admit a positive conformal class for which / a2dv > 0. 

In case M is spin, the quadratic form is of even-type and hence of the 

form 



(8.3) k{^ \ ®2£Ei 



(8.2) 




where is the matrix corresponding to the Dynkin diagram of the exceptional 
Lie group £^8- The vanishing theorem of Lichnerowicz requires the A genus to 
vanish; hence the signature is zero. This means no £^8 component appears in 
the quadratic form, so that M is homeomorphic to k{S^ x S'^). 

To summarize the above discussion: the simply connected 4-manifolds that 
admit a positive conformal structure with / a2dv > must be homeomorphic 
to k{CF^)#£{CF^) or k{S^ x S^). 

We remark that Sha-Yang [ShYa] have constructed metrics of positive 
Ricci curvature on k{CF^) # £{CF^) and k{S'^ x S'^) without constraints on 
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Thus, the class of 4-manifolds admitting metrics with positive C72 are 
necessarily a proper subset of those admitting positive Ricci curvature metrics. 
In the following we give a construction: 

PROPOSITION 8.1. Given two positive conformal structures {M' ,g') and 
{M",g"), there exists a positive conformal structure on Mi#M2 so that 

[ \w+f + [ \w+f - [ \w+f 

JM' Jm" Jm'#m" 

is arbitrarily small. 

Remark. This fact is probably well known in view of the work of Schoen- 
Yau [ScY] and Gromov-Lawson [GL]. However, we cannot find it in the liter- 
ature and so will provide an argument. 

Proof. Take a geodesic coordinate system B' centered at some p' G M' 
in which g'ij{x) = 5ij + G[^j^XmXn + 0(|a;p) and likewise for B" , p" and 
9ij — ^ij + ^imjn^rnXn + Subject B' \ {p'} to the conformal change of 

metric 
(8.4) 

g' = \x\~'^ g-jdx'dx^ = dt^ + {Sij + G^j^^UmCfne^^ + 0(e^*)) da^da^ , 

where t = log\x\, c = jfy. To compute the scalar curvature of g' , we notice 
that 

(8.5) 

-6A(|xr^) + R\x 



where H is the mean curvature. So the scalar curvature is 
(8.6) ^ = 6 + 0{\x\). 

On the annuli {e"'" < \x\ < e~^} and {e~'^ < \x'\ < e~^}, introduce the 
cylindrical coordinates — r < t < —s and a G S"^ for Bi and — r < t' < —s 
and a' G for B[; where t = log|x|, t' = log|x'|, a = a' = We 
make the identification {t,a) ~ {t',a') if t + r = — (s + t') and a = a', to 
form the connected sum {Bi \ {\x\ < e~^}) U (B[ \ {\x'\ < e~^}). Let p be a 
smooth function on [0, 1], p{0) = and p{l) = 1 , p'(0) = p'(l) = 0. Then set 
(p{t) = p [^^) and define the gluing metric 



= (-65^ - 6Hdr) \x\-^ + R\x\~^ 
= -121x1-3 + 6 (^0{\x\) + \x\-^ + R\x 

= (6 + 0(\x\))\x\-^ 
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hij dx^ dx^ = {ip{t)g[A {t, cr) + (1 — (p){t) g-j {t' , a))dx^ dx^ 



H3 

- dt + {6ij + (ifGijjnn'^rnCrn + {I - if) G^j 



+ 0{e^*))da'd(7'J. 

Over the anmili {e~* < |x| < 1} and {e^* < \x'\ < 1} we introduce the 
conformal metric to smoothly join the metric g' to g' (respectively 

g" to g"), while keeping the scalar curvature positive. 

Observe that for functions / of the t variable we have A' = df + H'dt, 
where H' is the mean curvature of the t slice {t} x S^. The scalar curvature 
Rg is then given by 

= Rg'e^^e'' - Ue^+^dtv - 6 (v" + H'v' + \v'\^) e*+^ 

= {i^p/e^* - 12v' - 6 (v" + \v'f + o{\v'\j) } e*+'' . 

It is thus clear that if s is taken sufficiently large, we can find a function v 
defined on [— s, 0] which agrees with the constant zero function to second order 

at t = and agrees with the linear function —t up to second order at t = — s, 
while keeping the scalar curvature positive. Similarly we can join the metrics 
g" to g" over the annulus {e~* < \x'\ < 1}. For the gluing region, write 

(8.7) hij = {ho)ij + e^* (^G^jn + (1 - ^) amCTn + 0(e'*) 
where {ho) = cylinder metric. In computing we will write 

^ij ~ 2^ i^nj,i + hin^j — hij^n) 

and will replace indices with dots to write in abbreviation. Thus for example 
G'. will mean G-^^^a^an. 

F' = - h - id. h..) 

= \h-{d.{hQ).. + {^d.G'.. + (1 - i^)d.G"..)e^' + av7(G..)e2* 
+ (lower order terms ). 

Observe that when the differentiation falls on if, |V.(^| = O (f^); hence for 
r — s large it is of lower order. Thus we write 

F:. = (Fo):. + ^/i- [pd.{G' ..e^') + {l-^)d.{G"..e^') + 0(e=^*) 

Hence 

(8.8) F:. = (Fo):. + 0(e2*) + O (;:^) e'* + 0(6^*). 
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Likewise 



(8.9) r:. r:. = ^ h - {d.ho-. + d.{e^^G[.) LP + d.{(?^G".) (1 - ^) + (l.o.t.)} 

^ K- {a/to.. + a(e'*G!.) LP + d.{(?'G".) (1 - (^) + (l.o.t.)} 

= (ro):.(ro):. + o{e^') + o [e"' ^) + (i.o.t.) . 

Hence, 



(8.10) = + 0(e2*) + 0(e2* -1-) + (l.o.t.) 



where iQj^ is the curvature tensor of the cylinder. This shows 

(8.11) i? = i?o + 0(e^*) 
and 

(8.12) \W\^ = |WoP + 0(e2*) = 0(e2*). 

Upon integration, the length of the cylinder being r — s, we find 

(8.13) / \W+fdv<0{\r-s\){e-'^'-). 

J-r<t<-s 



□ 



We can apply the gluing construction above to show that M = 2{S^ x S^) 
admits a conformal structure satisfying 



4 Jm 



IM 

Hence 



Remark. This calculation becomes critical at 3(5^ x S^). 
Similarly CP^#2(S'^ x S"^) admits a conformal structure satisfying 



,2 647r2 _ „ 



so that 

1 f 50 

/ (T2 > 17 - — - £ > 0. 



47r2 y ^ ■ 3 
Remarks added in proof. 

1. The regularity of general weak solutions to critical exponential vari- 
ational equations such as Euler equations of the functional Fs appearing in 
this paper for 5 7^ has been established in the article of Uhlenbeck and 
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Viaclovsky ([UV]). Thus in the proof of Proposition 4.3, one may quote this 
regularity result to verify smoothness of solutions. 

2. Since the submission of this paper, we were able to use the tech- 
niques of this paper to establish a conformally invariant sphere theorem for 
4-manifolds with positive Yamabe invariant satisfying an equality involving 
the Euler number and the integral of the Weyl tensor. We will address this 
result in another publication. 
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